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Abstract
State Estimation Filtering Algorithms for
Vehicle Attitude Determination using a Dual-Arc
Accelerometer Array and 3-Axis Rate Gyroscopes
Aaron Zimmerman
Supervising Professor: Dr. Agamemnon Crassidis
Sensor measurements are corrupted by biases, noise and drift effects and, in
order to provide accurate measurements, these errors need to be estimated
and, thus, eliminated. The current model used an Extended Kalman filter for
the estimation of rate gyroscope measurement errors. This work improves
upon that filter by applying a more robust, more accurate and more reliable
Unscented Kalman filter. In addition, an algorithm for estimating the ac-
celerometer measurement errors is developed using control theory. Using
the attitude estimate from the Unscented Kalman filter, an error signal is
formed between that attitude and the attitude estimates from the accelerom-
eter array(s). This error signal is then reduced by implementation of an
innovative method using PID controllers to estimate, and reduce the effects
of, accelerometer measurement errors. While this thesis uses a previously
developed device and equations, it is a departure from the previous works
as it considers parameters and variables that were ignored in those studies.
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Nomenclature
PARAMETERS
X ,Y ,Z : Primary, Secondary and Tertiary Coordinate Axes
i,j,k : Primary, Secondary and Tertiary Unit Vector Directions
φ,θ,ψ : Bank, Elevation and Heading Euler Angles
p,q,r : Roll, Pitch and Yaw Angular Rates
q0,q1,q2,q3 : Quaternion Variables
u,v,w : Primary, Secondary and Tertiary Body Velocities
F : Force Vector
W : Weight Vector
M : Moment Vector
V : Velocity Vector
m : Aircraft/Vehicle Mass
g : Acceleration due to gravity
~ω : Vehicle Angular Rate Vector
L, M, N : Primary, Secondary and Tertiary Scalar Moments
T : Transformation Matrix
IN×N : N by N Identity Matrix
xk, yk : State and Measurment Vectors
wk, vk : Gaussian White Noise processes
P : Covariance Matrix
K : Kalman Gain
χ : Sigma Point Vector
δq : Error-quaternion
e(t) : Error Signal
Kp, Ki, Kd : Proportional, Integral and Derviative Controller Gains
u(t) : Control Input
v(t), b(t), d(t) : Noise, Bias and Drift Errors
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Chapter 1
Introduction
1.1 Background
Reliable and accurate attitude estimation is critical for determining aircraft
orientation and allowing for stability and control during operation. Typi-
cally, the attitude of an aircraft is described by three consecutive rotations
known as Euler angles. The Euler angles describe the aircraft heading, bank
and elevation and are described in the fixed axis system of the aircraft rela-
tive to a reference, fixed coordinate frame. During static and trim operating
conditions, the Euler angles can be measured/determined directly by a set of
accelerometers mounted along the body axis of the vehicle due to insignif-
icant motion of the aircraft. During dynamic maneuvers the Euler angles
may be determined by the integration of the body rotation rates which trans-
form the inertial frame of reference to the Earth fixed frame. For aircraft,
the flat Earth assumption is used where the Earth is used as an inertial frame
and is known as the Earth-fixed coordinate system.
Determination and measurement of the Euler angles is typically through
the use of a multi-sensor system. The multi-sensor system can consist of
rate gyroscopes for measuring instantaneous angular rate, GPS for deter-
mining location and altitude of the aircraft, magnetometers for determining
the local magnetic field and other such sensors. Measurement errors are
inherent in all measurement systems such as bias, drift and noise. These
errors are further increased by environmental conditions and dynamic con-
ditions. The bias is the raw static error in a signal while the drift error is
seen as a change in the bias over time due to a variety of reasons through
the hardware/software in the sensor. These sensors are then integrated to-
gether through the use of a filter or similar algorithm to produce accurate
and reliable attitude estimates. The integration of multiple sensors together
seeks to reduce, or ideally eliminate, the sensor errors to produce the most
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accurate and reliable readings possible. A common filter for this application
is known as the Kalman filter. However, due to the need for multiple sensors
and the design of a filter/algorithm for integration of multiple sensors, the
devices used for attitude determination are typically large in size, heavy in
weight and expensive in price.
This thesis expands upon a previously developed device consisting of a two-
dimensional accelerometer array with a three-axis rate gyroscope for esti-
mating longitudinal pitching motion and transverse rolling motion by devel-
oping an innovative approach for the estimation of accelerometer measure-
ment errors and applying a more robust and accurate filter for the determi-
nation of rate gyroscope measurement errors. In order to determine the fea-
sibility of the aforementioned methods, the algorithm and filter developed
were implemented in a full nonlinear aircraft model subjected to multiple
maneuvers with noise, bias, drift effects and turbulence present during the
simulation. The testing of these methods were demonstrated through the
attitude estimate errors of pitch and roll with respect to simulated data from
a high performance nonlinear aircraft model. While this work is a continua-
tion of a previous study, [30] the methods developed in this work are a large
step forward in achieving the final goal of a highly accurate and reliable
three-dimensional attitude estimation device for use on micro aerial vehi-
cles and unmanned aerial vehicles without compromising constraints such
as weight, size, power and cost.
1.2 Innovation and Motivation for Current Work
The work and research performed in this study is focused on the design, de-
velopment and implementation of an algorithm for accurately determining,
and eliminating, accelerometer measurement errors and applying a new fil-
ter for rate gyro bias and noise estimation in order to increase the accuracy
and robustness from the previously implemented filter in [30]. This work is
an expansion of a previous work, [30], where the concept was to develop a
two-dimensional, pitch and roll, attitude estimation device for reliable pitch
and roll attitude determination. The previous work, [30], did not consider
accelerometer biases or drift and implemented a filter which involved the
linearization of a nonlinear system for rate gyro bias and estimation. This
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thesis expands on the previous work, [30], by considering accelerometer
measurement errors and developing a method for reducing their effects on
the overall attitude determination algorithm(s) and by applying a new filter
for rate gyro measurement errors which does not linearize the nonlinear sys-
tem thus producing more accurate results.
The previously developed device, found in [30], consists of two semi-circular
arcs consisting of 13, equally spaced, accelerometers with a rate gyroscope
Figure 1.1 is taken from [30] and represents the configuration of the device
where the black circles represent the accelerometers.
Figure 1.1: Dual-Arc Accelerometer Array Configuration [30]
The proposed method for determining accelerometer biases involves the use
of PID controllers for the determination of a control input which will be sub-
tracted from the accelerometer measurements and, thus, reduce the effects
of the additive measurement errors. The method is run simultaneously with
the rate gyro bias estimation filter as both use information from the other
for their estimates. The proposed filter for rate gyro bias estimation is an
improvement over the previous [30], Extended Kalman filter, and is known
as the Unscented Kalman filter.
The proposed accelerometer bias estimation algorithm and Unscented Kalman
filter will be implemented and assessed in a full nonlinear operating envi-
ronment and the attitude estimates obtained will be compared to the attitude
values obtained from the nonlinear aircraft model. The simulated environ-
ment is evaluated through the use of Simulink R©and Matlab R©. The outline
for the research and work conducted in this thesis is as follows:
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1. Improve the previously developed nonlinear aircraft simulation model
by incorporating accelerometer noise, bias and drift effects
2. Design and develop an accurate and reliable method for the determina-
tion of accelerometer measurement errors, namely biases
3. Design and apply the Unscented Kalman filter for aircraft attitude de-
termination in order to estimate rate gyro biases more accurately than
the Extended Kalman filter
4. Analyze and contrast the attitude estimates obtained via the dual-arc
accelerometer array to the true values obtained from the nonlinear air-
craft simulation model
4
Chapter 2
Theory Development
2.1 Rigid Body Dynamics
2.1.1 Body Axis Coordinate System [15, 27, 33, 39]
There are multiple coordinate systems used for representing aircraft orien-
tation and maneuvers. For this study, the typical body coordinate frame is
chosen for all equations and formulations. The body coordinate frame is a
fixed coordinate frame whose origin lies at the center of gravity (CG) of the
aircraft. The x-axis, defined as xb, is aligned with the CG through the nose,
the y-axis, defined as yb, is aligned with the CG through the right wing of
the aircraft and the z-axis, defined as zb, is aligned with the CG downwards
normal to the aircraft. This coordinate system is shown in Figure 2.1.
Figure 2.1: Body-Fixed Coordinate Frame [27]
Because the body axis is constantly moving while the aircraft is in a motion,
an additional coordinate system is needed for reference. The typical coordi-
nate system used in this instance is the Earth-fixed coordinate system. This
coordinate system uses the “flat Earth” assumption as well as assumes the
Earth is fixed. The axes are labeled as follows: x-axis; xE, y-axis; yE and
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z-axis; zE. In Figure 2.1, however, the axes are represented with a subscript
f instead of E.
2.1.2 Euler Angle Representation
Euler angles are used to represent the angular displacement about the body-
axis coordinate frame. The Euler angles, for these purposes, are known as
the roll, φ, pitch, θ, and yaw, ψ, angles. Table 2.1 provides a summary of
axis designation, angle, position and angular rate.
Parameter/Axis
Primary Axis Secondary Axis Tertiary Axis
Earth Body Earth Body Earth Body
Designation Xref Xveh Yref Yveh Zref Zveh
Position SX sx SY sy SZ sz
Velocity VX u VY v VZ w
Angle, ϕ φE φb θE θb ψE ψb
Angular Rate, ω φ˙ p θ˙ q ψ˙ r
Table 2.1: Earth and Body - Fixed Axis Parameter Definitions [30]
While Euler angles are useful at representing vehicle rotation, they have a
singularity condition known as Gimbal Lock. Gimbal Lock is a condition
caused when 2 rotational axes of a vehicle point in the same direction [33].
This occurs when the aircraft’s pitch angle, θ is at positive or negative 90
degrees from the reference axis. At this instance, a divide by zero (singu-
larity) error occurs [27]. Because of this, it is necessary to represent the
three-dimensional rotation space with 4 variables. One way of achieving
this, which is widely used in the aerodynamics community, is the use of
Quaternions, which will be discussed later.
2.1.3 Application of Newton’s Second Law for Rigid Body Motion [27]
In order to simulate vehicle, in this case aircraft, motion in Cartesian space,
Newton’s second law must be applied. Newton’s second law states that
the sum total of all external forces applied on a body must be equal to the
rate change of momentum of that body and the summation of all external
moments applied to that body must be equal to the time rate of change of
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the angular moment of that body. Equations (2.1) and (2.2) show Newton’s
second law in vector form. ∑
~F =
d
dt
(m~v) (2.1)∑
~M =
d
dt
( ~H) (2.2)
The following equations represent Newton’s second law in scalar form
FX =
d
dt
(mu), FY =
d
dt
(mv), FZ =
d
dt
(mw) (2.3)
L =
d
dt
(HX),M =
d
dt
(HY ), N =
d
dt
(HZ) (2.4)
Next, an elemental mass, δm, is defined and ~r is the position vector from
the aircraft center of gravity to the elemental mass and ~rc is the position
vector from the origin of the Inertial Axis system to the aircraft CG. Using
this formulation, Equation (2.1) can be rewritten as:
δ ~F = δm
d~v
dt
(2.5)
where ∑
δ ~F = ~F (2.6)
Note that in Equation (2.5), ~v is defined as:
~v = ~vc +
d~r
dt
(2.7)
where ~vc is the CG velocity with respect to the Inertial Axis frame. Now,
substituting Equation (2.7) into Equation (2.5), and with Equation (2.6):∑
δ ~F = ~F =
d
dt
∑(
~vc +
d~r
dt
)
δm (2.8)
Assuming that the mass of the aircraft is constant, Equation (2.8) becomes:
~F = m
d~vc
dt
+
d
dt
∑ d~r
dt
δm = m
d~vc
dt
+
d2
dt2
∑
~rδm (2.9)
But since ~r is measured from the center of gravity,
∑
~rδm = 0 so,
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~F = m
d~vc
dt
(2.10)
Note that Equation (2.10) is only valid for a non-rotating aircraft. The equa-
tions derived above need to be related to the body-fixed frame as they were
derived in the inertial frame.
d~vc
dt Inertial
=
d~vc
dt Body
+ (~ω × ~vc) (2.11)
Substituting Equation (2.11) into Equation (2.10):
~F = m
d~vc
dt Body
+m(~ω × ~vc)
or, FxFy
Fz
 =
m(u˙− vr + wq)m(v˙ + ur + wp)
m(w˙ − uq + vp)
 (2.12)
Now, consider the momentum equation, Equation (2.2) for an elemental
mass, δm
δ ~M =
d
dt
δ ~H =
d
dt
(~r × ~v)δm (2.13)
From Equation (2.7), ~v = ~vc + d~rdt or:
~v = ~vc + ~ω × ~r (2.14)
where ~ω is the angular rotation vector of an aircraft
~H =
∑
δ ~H =
∑
(~r × ~vc)δm+
∑[
~r × (~ω × ~r)
]
δm (2.15)
In Equation (2.15), ~vc is constant with respect to the summation thus:
~H =
∑
~rδm× ~vc +
∑[
~r × (~ω × ~r)
]
δm (2.16)
Again, since ~r is measured from the CG location,
∑
~rδm = 0 so
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~H =
∑[
~r × (~ω × ~r)
]
δm (2.17)
Now, define ~ω and ~r in the Cartesian coordinate system:
~ω = p~i+ q~j + r~k, ~r = x~i+ y~j + z~k (2.18)
Substituting Equation (2.18) into Equation (2.17) and carrying out the cross
products:
~H = (p~i+ q~j + r~k)
∑
(x2 + y2 + z2)δm (2.19)
−
∑
(x~i+ y~j + z~k)(px+ qy + rz)δm
In scalar form, Equation (2.19) can be written as:
HXHY
HZ
 =
 p∑(y2 + z2)δm− q∑xyδm− r∑xzδm−p∑xyδm+ q∑(x2 + z2)δm− r∑ yzδm
−p∑xzδm− q∑ yzδm+ r∑(x2 + y2)δm
 (2.20)
Carrying out the summation terms over the entire aircraft:Ixx IxyIyy Ixz
Izz Iyz
 =
t (y2 + z2)δm t xyδmt (x2 + z2)δm t xzδmt
(x2 + y2)δm
t
yzδm
 (2.21)
where Ixx, Iyy, Izz are the mass moments of inertia about the body axes and
Ixy, Ixz and Iyz are the mass products of inertia. Now, substituting Equation
(2.21) into Equation (2.20) and carrying out the summations:HXHY
HZ
 =
 pIxx − qIxy − rIxz−pIxy + qIyy − rIyz
−pIxz − qIyz + rIzz
 (2.22)
so therefore:
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H˙XH˙Y
H˙Z
 =
 p˙Ixx − q˙Ixy − r˙Ixz−p˙Ixy + q˙Iyy − r˙Iyz
−p˙Ixz − q˙Iyz + r˙Izz

=
qr(Iyy − Izz) + (q2 − r2)Ixy − prIxy + pqIxzpr(Izz − Ixx) + (r2 − p2)Ixz − pqIyz + qrIxy
pq(Ixx − Iyy) + (p2 − q2)Ixy − qrIxz + prIyz
 (2.23)
Assume that the inertias are constant. However, as the aircraft rotates, the
moments and products of inertia vary with time so they need to be defined
relative to a fixed axis system:
d ~H
dt
= H˙X~i+ H˙Y~j + H˙Z~k (2.24)
Together, Equations (2.12) and (2.23) are the equations of motion used for
the simulation of aircraft where Equation (2.12) accounts for the forces re-
sulting from aerodynamic and propulsive forces and Equation (2.23) ac-
counts for moments arising from those forces. While these equations pro-
vide the basis for rigid body motion, equations describing the position and
orientation (attitude) of the aircraft are still needed and will be discussed in
the following section.
2.1.4 Euler Kinematics [15, 27, 33]
The equations of motion of an aircraft were derived in the previous section,
however, equations for describing the position and orientation of the aircraft
are still needed. In order to do this, Euler angles need to be used to orien-
tate the aircraft relative the Earth-fixed coordinate system. The body-axis
system, described above, can be described by using three consecutive rota-
tions through three distinct angles, the Euler angles. This sequence is shown
pictorially in Figure 2.2.
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Figure 2.2: Euler Angle Rotations [30]
Typically, in the aerodynamic community a 3-2-1, or yaw-pitch-roll, rota-
tion sequence is used. That means that the first rotation is about the z-axis
given by the Euler angle ψ, then about the new y-axis through the Euler
angle θ and finally about the new x-axis through the angle φ. Figure 2.3
depicts how the Euler angles are typically defined.
Figure 2.3: Euler Angle and Angular Rate Designations [15]
In order to perform the “3-2-1” rotation mentioned above, a rotation matrix
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must first be defined for each of the rotations. These matrices are presented
in Equations (2.25), (2.26) and (2.27) below.
Kφ =
1 0 00 cosφ sinφ
0 − sinφ cosφ
 (2.25)
Kθ =
cos θ 0 − sin θ0 1 0
sin θ 0 cos θ
 (2.26)
Kψ =
 cosψ sinψ 0− sinψ cosψ 0
0 0 1
 (2.27)
As discussed above, this work will use the “3-2-1” rotation sequence which
will be defined as
TE−B = KψKθKφ
in order to go from the Earth-fixed coordinate system to the Body-axis sys-
tem. Likewise, to transform from the Body-axis frame to the Earth-fixed
frame, TB−E = KφKθKψ. Multiplying out the above equation for TE−B
and TB−E and using the following nomenclature
s(θ) = sin θ, c(θ) = cos θ
yields the following equations
TE−B =
 cθcψ cθsψ −sθsφsθcψ − cφsψ sφsθsψ + cφcψ sφcθ
cφsθcψ + sφsψ cφsθsψ − sφcψ cφcθ
 (2.28)
TB−E =
cθcψ sφsθcψ − cφsψ cφsθcψ + sφsψcθsψ sφsθsψ + cφcψ cφsθsψ − sφcψ
−sθ sφcθ cφcθ
 (2.29)
Note that TB−E is simply the matrix transpose of TE−B. Also, the matrix
given in Equation (2.28) is known as the Directional Cosine Matrix (DCM).
It is necessary to relate the angular velocities in the body frame to the Euler
angular rates. The transform for the Euler angular rates to the body-fixed
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frame angular velocities is given in Equation (2.30) while Equation (2.31)
gives the inverse transform to go from the body-fixed frame velocities to the
Euler rates. pq
r
 =
1 0 −sθ0 cφ cθsφ
0 −sφ cθcφ
φ˙θ˙
ψ˙
 (2.30)
φ˙θ˙
ψ˙
 =
1 sφ tan θ cφ tan θ0 cφ −sφ
0 sφ sec θ cφ sec θ
pq
r
 (2.31)
Equation (2.31) is known as the Euler model. Integrating Equation (2.31)
yields the Euler angles which are used to describe the aircraft orientation.
However, there exists a singularity in the equation(s) at a pitch angle of plus
or minus 90 degrees. This condition, as previously discussed is known as
Gimbal Lock. This singularity needs to be eliminated as many aircraft can
achieve pitch angles of plus or minus 90 degrees. One such way to eliminate
this singularity is through the use of quaternions, which will be discussed in
the following section [33].
2.2 Quaternions [3, 12, 19, 23, 33]
As mentioned above the singularity present in the Euler model needs to be
addressed. In order to remove this singularity, an alternative way for repre-
senting the orientation of aircraft is needed; quaternions. Quaternions are
commonly used to describe the attitude of vehicles in the aerospace com-
munity due to their mathematical properties and ease of transformation to
Euler angles. The following equation is the standard form of the quaternion
which consists of a vector part and a scalar part.
q = q0 + q1~i+ q2~j + q3~k (2.32)
The above form, however, is only one way to represent the quaternion. Later
in this paper, the following representation, in Equation (2.33) is used. For
this section the notation in Equation (2.32) is used, however.
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q = q1~i+ q2~j + q3~k + q4 (2.33)
The scalar part of the quaternion is used to define the angle of rotation while
the vector part is used to define the rotation axis.
2.2.1 Quaternion Formulation
In order to move from the Euler space to quaternion space, a transform is
needed. In this instance, the transform is nothing more than a rotation. The
rotation axis, mentioned above, is specified by its directional cosines in the
reference coordinate frame, in this case the body-fixed frame. For conve-
nience, the quaternion is considered to have a unity norm. The following
equation represents the quaternion using directional cosines where δ is the
rotation angle and α, β and γ are the direction angles.
q =

cos δ
cosα sin δ
cos β sin δ
cos γ sin δ
 = [ cos δsin δnr
]
(2.34)
Note, that in Equation (2.34), ‖q‖ is equal to one (unity norm). Now, con-
sider a Euclidean vector which is written as a quaternion with its scalar part
equal to zero:
u =
[
0
ur
]
(2.35)
The resultant rotation must be a quaternion whose scalar part is also equal to
zero. Also, the transformation must be reversible and the Euclidean length
must be preserved. In order to achieve this, the following transform is con-
sidered:
v = q  u q−1 or v = q−1  u q (2.36)
The second form leads to the commonly used convention:
v =
[
q0(q · u)− (q0u− q× u) · q
((q · u)q + q0(q0u− q× u) + (q0u− q× u)× q)r
]
(2.37)
Equation (2.37) then reduces to
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v =
[
0
(2q(q · u) + (q20 − q · q)u− 2q0(q× u))r
]
(2.38)
Note that, in Equation (2.38), the scalar part is equal to zero so this trans-
formation meets the requirement mentioned previously. Also, due to the
properties of quaternion norms, the Euclidean length is preserved. Given
the following rotation formula:
(1− cosµ)n(n · u)
cosµu
− sinµ(n× u)
and the quaternion rotation:
2 sin2 δn(n · u)
(cos2 δ − sin2 δ)u
−2 cos δ sin δ(n× u)
it can be seen that if δ = µ/2 and trigonometric identities/transforms are ap-
plied then the 2 rotation forumalae will be equal. Therefore, the quaternion
q =
[
cos(µ/2)
sin(µ/2)nr
]
(2.39)
and the transformation discussed previously in Equation (2.36):
q−1  u q (2.40)
give a left-handed rotation of the vector u through the angle µ, around the
vector n when µ is non-negative. Next, some basic properties of quaternions
are looked at, as well as, some quaternion mathematics.
2.2.2 Quaternion Properties and Mathematics
The following section uses the quaternion definition of Equation (2.32):
q = q0 + q1~i+ q2~j + q3~k (2.41)
Because the quaternion possesses properties of both a scalar and a vector,
some unique properties and mathematical operations arise. A few of these
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are discussed below
Quaternion Norm
The quaternion norm is defined below
norm(q) =
i=3∑
i=0
q2i
Quaternion Noncommutativity
Consider the following identity
p q − q  p = [ 0
(p× q− q× p)r
]
=
[
0
2(p× q)r
]
From the above equation(s), it can be seen that
p q 6= q  p
Product Norm
From the definition of the quaternion norm, above, and using vector opera-
tions, it can be shown that
norm(p q) = norm(p)× norm(q)
Associative Property of Multiplication
It is relatively easy to derive the following quaternion property
(p q) r = p (q  r)
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Quaternion Inverse
The quaternion inverse is very useful when working with quaternions. First
consider the following product,
[
q0
qr
] [ q0−qr
]
=
[
q20 + q · q
(q0q− q0q− q× q)r
]
=

∑
q2i
0
0
0

As seen in the above formulation, multiplying a quaternion by another quater-
nion that differs only by a change in sign of its vector part results in a
quaternion which possesses only a scalar portion (vector part is equal to
zero). This new quaternion has very simple properties in multiplication as
it consists of no vector part. Also, when divided by the quaternion norm
will result in the “identity quaternion”. Because of these properties, the
quaternion inverse is defined as follows,
q−1 =
[
q0
qr
]−1
=
1
norm(q)
[
q0
−qr
]
(2.42)
Note that when using unit quaternions the above equation simplifies to
q−1 =
[
q0
−qr
]
Inverse of a Quaternion Product
The inverse of a quaternion product is defined as the product of the individ-
ual inverses in reverse order.
(p q)−1 = 1
norm(p q)
[
p0q0 − p · q
−(p0q + q0p + p× q)r
]
=
1
norm(q)
[
q0
−qr
] [ p0−pr
]
1
norm(p)
Thus,
(p q)−1 = q−1  p−1
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2.2.3 Quaternion for Attitude Description
As mentioned previously, it is necessary to be able to relate quaternions to
the Euler angles in order to aid in the physical description of attitude. In
order to do this, the Directional Cosine Matrix (DCM), given in Equation
(2.28), must be derived for quaternions. Consider the quaternion rotation
formula in Equation (2.38) written in terms of array operations,
ub =
[
2qa(qa)T + (q20 − (qa)Tqa)I − 2q0q˜a
]
ua (2.43)
where q˜a is the cross product matrix given by
q˜a =
 0 −q3 q2q3 0 −q1
−q2 q1 0

Evaluating the terms in Equation (2.43), the DCM for quaternions is ob-
tained
T quatE−B =
(q20 + q21 − q22 − q23) 2(q1q2 + q0q3) 2(q1q3 − q0q2)2(q1q2 − q0q3) (q20 − q21 + q22 − q23) 2(q2q3 + q0q1)
2(q1q3 + q0q2) 2(q2q3 − q0q1) (q20 − q21 − q22 + q23)

(2.44)
Now, in order to obtain the quaternion from the Euler angles, consider the
3-2-1 rotation for quaternions
vb = q−1φ q
−1
θ q
−1
ψ v
rqψqθqφ (2.45)
where
qφ =

cφ/2
sφ/2
0
0
 qθ =

cθ/2
0
sθ/2
0
 qψ =

cψ/2
0
0
sψ/2

Multiplying out Equation (2.45) yields the following,
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
q0
q1
q2
q3
 = ±

cφ/2cθ/2cψ/2 + sφ/2sθ/2sψ/2
sφ/2cθ/2cψ/2 − cφ/2sθ/2sψ/2
cφ/2sθ/2cψ/2 + sφ/2cθ/2sψ/2
cφ/2cθ/2sψ/2 − sφ/2sθ/2cψ/2
 (2.46)
Equation (2.46) is useful when the DCM is unknown, however if it is known
the following relationships can be used to obtain the quaternions,
q20
q21
q22
q23
 = 14

1 +DCM 1,1 +DCM 2,2 +DCM 3,3
1 +DCM 1,1 −DCM 2,2 −DCM 3,3
1−DCM 1,1 +DCM 2,2 −DCM 3,3
1−DCM 1,1 −DCM 2,2 +DCM 3,3
 (2.47)
where DCM i,j refers to the ith row and jth column of the directional co-
sine matrix.
2.2.4 Quaternion Kinematical Equations
Typically, quaternion attitude measurements are determined using a kine-
matical model which relates the body-fixed angular velocities, p, q and r to
the quaternions. When two frames are in relative angular motion, as is the
case with an aircraft in flight, a method is needed for continuously updat-
ing the quaternion measurement(s). Because of this problem, a differential
equation arises relating the aforementioned variables. Let the orientation
of the body-fixed frame, given by the vector B, relative to the Earth-fixed
frame, given by the vector E, be given at time t by the quaternion qB/E(t).
Also, let the instantaneous angular velocity at time t be in the direction of
a unit vector sˆ with magnitude ω. Then, in a small time, δt, the quaternion,
δqB/E, can be found using small angle approximations in Equation (2.34):
δqB/E(δt) ≈
[
1
sˆbωδt/2
]
(2.48)
At time t+ δt the rotation is given by the perturbation quaternion, qB/E(t+
δt) as
δqB/E(t+ δt) = qB/E(t) δqB/E(δt) (2.49)
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The derivative of qB/E(t) is temporarily omitting the subscripts,
dq
dt
= lim
δt→0
q(t) [δq − Iq]
δt
(2.50)
where Iq represents the identity quaternion. Now, substituting Equation
(2.48) into Equation (2.50) yields
dq
dt
=
1
2
q(t) [ 0
sˆbω
]
=
1
2
q(t) ωb (2.51)
which is formally written as
q˙B/E =
1
2
qB/E  ωbB/E (2.52)
Using matrix multiplication instead of quaternion multiplication, Equation
(2.52) becomes
q˙ =
1
2
[
0 −ωT
ω −Ω
] [
q0
q
]
(2.53)
Writing Equation (2.53) out in full gives the equation widely used in the
simulation of rigid-body motion, including aircraft.
q˙0
q˙1
q˙2
q˙3
 = 12

0 −p −q −r
p 0 r −q
q −r 0 p
r q −p 0


q0
q1
q2
q3
 (2.54)
2.3 Signal Processing [7, 26, 30]
In the real world, sensors are subject to factors which lead to errors in the
data being read. Of these factors are noise corruption, biases and drift ef-
fects. Outside factors may affect one or more of these factors such as en-
vironmental conditions, the Earth’s magnetic field and surrounding sensors
and electronics. In order to provide accurate measurements, these errors
need to be minimized and, ideally, removed. To accomplish this, a sensor
model is needed which incorporates the aforementioned errors. Equation
(2.55) provides a general sensor model to be used for this work.
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MeasuredV alue = TrueV alue + Noise + Bias + Drift
x˜ = x + v(t) + b(t) + d(t)
(2.55)
The biases and drift effects, b(t) and d(t), of a signal can lead to large er-
rors in measurements which can be amplified if the signal is integrated. As
stated above, a method to estimate out sensor errors is necessary to provide
accurate and reliable measurements. In this work, the Unscented Kalman
filter algorithm is implemented using the device model, rate gyroscopes and
accelerometer measurements.
2.3.1 The Kalman Filter [37]
The Kalman filter is a set of mathematical equations used to recursively
estimate system state(s) by reducing the mean squared error. The filter ac-
complishes this by using data from both the system and measurement (ob-
servation) models [37]. Figure 2.4 shows the basic equations and algorithm
used in the standard Kalman filter.
Figure 2.4: Operation of the Kalman Filter [37]
In Figure 2.4, A relates the state from the previous time step to the state
at the current time step, B relates the control input(s) to the state, x, Q is
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the process noise covariance, R is the measurement noise covariance and H
relates the state to the measurement, which is assumed to be constant. The
Kalman filter was developed in 1960 by R.E. Kalman and since become the
subject of much research and application. Over the years numerous modi-
fications have been made to the Kalman filter which include the Extended
and Unscented Kalman filters.
Modifications to the Kalman Filter [6, 13, 32, 30, 37]
As mentioned above, many modifications have been made to the Kalman
filter. Because the Kalman filter operates only on linear systems, changes
needed to be made in order to apply it to nonlinear systems. Of these is the
Extended Kalman filter which uses linearization of the nonlinear system in
order to apply the standard Kalman filter. While not the subject of this work,
a graphical representation of it’s use is presented in Figure 2.5 and a more
complete derivation can be found in [30] or [37].
Figure 2.5: Operation of the Extended Kalman Filter [37]
In Figure 2.5, Q and R were defined previously while A and H are the Ja-
cobian matrices for the process and measurement systems, respectively and
V and W are the Jacobian matrices relating the process and measurement
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noise, v and w, respectively. Another modification involves using a trans-
form known as the Unscented Transform. The Unscented Transform is a
method for predicting means and covariances of nonlinear systems. Due to
it’s direct implementation in the Unscented Kalman filter, the derivation of
the Unscented Transform is not presented here but, instead, included with
in the derivation of the Unscented Kalman filter which is the subject of the
following section.
2.3.2 The General Unscented Kalman Filter and Unscented Trans-
form [7, 17, 18]
The Unscented Kalman filter and Unscented Transform work on the prin-
ciple that “it is easier to approximate a Gaussian distribution than it is to
approximate an arbitrary nonlinear function or transformation” [18]. The
Unscented Transform works to obtain a set of sigma points, which are a set
of sample points around the mean, and then operate on those points. This
method is superior to the Extended Kalman filter as no linearization of the
system is needed thus allowing for a higher degree of accuracy. Also, there
is no need to compute the Jacobian matrices which can be computational
intensive. However, this method involves computing 2n + 1 sigma points
and then propagating those points through the nonlinear system of equa-
tions, where n is the number of system states to be estimated. In contrast
to Monte-Carlo type statistical methods, the Unscented Transform does not
draw its samples randomly but rather according to a specific algorithm.
The following set of sigma points are first computed:
χak(0) = xˆ
a
k
χak(i) = xˆ
a
k ±
√
(L+ λ)P ak
(2.56)
In the above equation, λ is a scaling parameter, L is the length of the aug-
mented state vector, xˆak defined by
xak =
xkwk
vk
 , xˆak =
 xˆk0q×1
0m×1

where xk is the system state, wk is the system process noise and vk is the
measurement noise. Next, the sigma transformed through
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χk+1(i) = f(χ
x
k(i), χ
w
k (i), uk) (2.57)
where
χak(i) =
χxk(i)χwk (i)
χvk(i)

Now, the following weights are defined
Wmean0 =
λ
L+λ
W cov0 = W
mean
0 + (1− α2 + β)
Wmeani = W
cov
i =
1
2(L+λ) , i = 1, 2, . . . , 2L
(2.58)
In the above equation, L is number of system states, α determines the spread
of sigma points and is generally set to a small positive value and β is used
to incorporate prior knowledge of the distribution of sigma points. The
predicted mean is then calculated by
xˆ−k+1 =
2L∑
i=0
Wmeani χ
x
k+1(i) (2.59)
Next, the predicted mean is calculated as follows
P−k+1 =
2L∑
i=0
W covi [χ
x
k+1(i)− xˆ−k+1][χxk+1(i)− xˆ−k+1]T (2.60)
The mean observation is given by
yˆ−k+1 = W
mean
i γ
x
k+1(i) (2.61)
where
γk+1(i) = h(χ
x
k+1(i), χ
v
k+1(i), uk+1) (2.62)
The output covariance is then given by
P yyk+1 =
2L∑
i=0
W covi [γk+1(i)− yˆ−k+1][γk+1(i)− yˆ−k+1]T (2.63)
The cross correlation covariance is calculated as follows
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P xyk+1 =
2L∑
i=0
W covi [χk+1(i)− xˆ−k+1][γk+1(i)− yˆ−k+1]T (2.64)
Finally, the innovation covariance is simply
P vvk+1 = P
yy
k+1 (2.65)
Because of the augmentation used here the update equations in Figures 2.4
and 2.5 need be altered. As such the following equations are now used to
update the system state.
xˆ+k+1 = xˆ
−
k +Kyˆ
−
k+1 (2.66)
P+k+1 = P
−
k+1 −KP vvk+1KT (2.67)
where the Kalman Gain, K is given by
K = P xyk+1inv(P
vv
k+1) (2.68)
Now, this is simply the equations and procedure for the Unscented Kalman
filter. In a later section, the above filter is altered in order to estimate attitude
for the specific application to the dual-arc accelerometer array.
2.4 Optimization [9, 35]
Optimization techniques involve the changing of one or more variables in
order to reduce a cost function. A multitude of optimization techniques have
been developed over the years. All optimization techniques possess three
things: a cost function, design variables and constraints. The cost function is
the function which is to be minimized (or maximized), the design variables
are the parameters that are changed throughout the optimization process in
order to minimize (or maximize) the cost function and the constraints are the
conditions placed on the routine such as power limits or height condition.
For the purposes of this work, the optimization routine utilized is known as
Particle Swarm Optimization as is discussed in the following section.
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2.4.1 Particle Swarm Optimization [9, 35]
The Particle Swarm Optimization (PSO) technique was developed in 1995
by Kennedy and Eberhart. This technique was inspired by the movement
dynamics and social behavior of birds, insects and fish. The PSO possesses
numerous advantages which make it useful such as it’s simple implemen-
tation, there are only a few parameters which need to be tuned, it is highly
efficient and accurate and is free of derivatives. However, there is two large
disadvantage; it has a slow convergence and can, at times, converge on a lo-
cal minimum instead of the global. Despite these disadvantages this method
was chosen for this work because of its high degree of robustness, its ease
of implementation and its high degree of accuracy. Because the application
is highly nonlinear and complex, the PSO is an ideal choice [9].
The derivation for this technique is not presented here but can be found in
[9]; instead, the algorithm is presented here. The following table outlines
the parameters and variables used in the algorithm:
Parameter/Variable Description
xk N ×Q matrix for particle positions
vk N ×Q matrix for particle velocitys
pk N ×Q vector for Best “remembered” individual particle positions
pgk N × 1 vector for best “remembered” swarm position
yp, yg Cognitive and social parameters
rp, rg Random numbers between 0 and 1
w Particle velocity inertial term
Q Number of particles in the swarm
N Number of design variables
bup, blow Upper and lower bounds of the initial space
Table 2.2: Particle Swarm Optimization Parameters [9]
First, Q and N must be set. For this application, Q was set to 60 particles
andN is 18. Qwas chosen to be 60 after several trial runs. Next, the particle
position is initialized
xik = blow + (bup − blow)r0 (2.69)
where r0 is a random number between 0 and 1. Next, the cost function
values, f ik, are calculated for each particle
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f ik = J(x
i
k)
f gk = f
i
k
(2.70)
where J is the cost function which is to be minimized. Next, the minimum
of the initial swarm is computed and the position of the particle correspond-
ing to that minimum is stored:
f ibest, p
g
k = min(fk)
f gbest = f
i
best
(2.71)
Before the iterative process begins, the velocity, vik is set to zero. Next, a
tolerance, tol, for convergence is chosen (typically on the order of 10−4).
As long as f ibest ≥ tol the routine will continue.
First, randomize rp and rg then update the particle’s velocity as follows,
vik+1 = wv
i
k + yprp(p
i
k − xik) + ygrg(pgk − xik) (2.72)
In Equation (2.72), yp and yg were chosen to be 1 after several runs by
tuning them to allow for highly accurate attitude estimates. Next, update
the particle’s position
xik+1 = x
i
k + v
i
k+1 (2.73)
This next step is only if the swarm is subject to the constraints, blow and bup.
If the previous condition is indeed true then the bounds need to be checked
as follows.
Ifxik+1 ≤ bilow, then
xik+1 = (1.001)b
i
low, v
i
k+1 = 0
Ifxik+1 ≥ biup, then
xik+1 = (0.999)b
i
up, v
i
k+1 = 0
The previous check ensures the particle(s) remain within the preset bounds
and do not continually attempt to go outside the bounds, which is why the
velocity of that specific particle is set to 0. Next, the function values for the
new particle positions are computed while checking if the particle function
value is below the current “best” value:
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f ival = J(x
i
k+1)
Iff ival ≤ f ik, then
f ik+1 = f
i
val
pik+1 = x
i
k+1
else
f ik+1 = f
i
k
pik+1 = x
i
k
(2.74)
The global minimum for the new set of particle positions is then found
f ibest, p
i
k+1 = min(f
i
k+1)
Iff ibest ≤ f gbest, then
f gk+1 = f
i
best
pgk+1 = p
i
k+1
else
f gk+1 = f
g
k
pgk+1 = p
g
k
(2.75)
If f gk+1 ≤ tol then the routine has converged on a minimum, otherwise the
process is repeated from Equation (2.72). In the above equations, i is from
1 to Q, which was set to 60 in this case.
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Chapter 3
Dual-Arc Accelerometer Array Device
This section gives an overview of the device used to estimate vehicle atti-
tude; the Dual-Arc Accelerometer Array. Presented here is an overview of
the orientation, operation and basic equations used for the array. A more
complete description can be found in [30] as its operation is not the main
focus of this work.
3.1 Array Configuration [30]
This section provides an overview of the accelerometer array device pre-
sented in [30].
The device consists of thirteen, two-axis, accelerometers equally spaced
around a half circle (180 degree) plane with a radius of 3 inches and a 3-
axis rate gyroscope placed at the center of gravity location of the device. A
second arc is placed normal to the first and results in a 2-dimensional arc
array consisting of 25 accelerometers (with the center accelerometer being
common for both arrays) and a rate gyroscope present at the center of grav-
ity location. Figure 3.1 shows the configuration for the pitch plane with the
orange axes representing the reference, Earth-fixed, coordinate system, the
black axes being the vehicle, body, axis frame and the green axes represent-
ing the accelerometer array device axes.
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Figure 3.1: Longitudinal Pitch Array at 0 degrees Pitch Offset [30]
The convention established in [30] uses an accelerometer spacing of 15 de-
grees in the x-z, longitudinal plane, beginning with accelerometer #1 at -90
degree pitch and rotating counter-clockwise to accelerometer #13 at +90
degree pitch. This convention can be seen in Figure 3.1. In the aforemen-
tioned figure, it can be seen that accelerometer #1 lies on the negative x-axis,
accelerometer #7 on the z-axis at 0 degrees and accelerometer #13 on the
positive x-axis. The pitch angle measurements are taken with respect to the
z-axis and are taken to be positive counter-clockwise which can be seen in
Figure 3.2.
Figure 3.2: Longitudinal Pitch Array at Pitch Offset [30]
The transverse array is configured in a similar manner to that of the pitch ac-
celerometer array. For the transverse array, there are still 13 accelerometers
around a 180 degree semi-circle spaced 15 degrees apart orientated on the
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transverse, y-z plane. For the transverse array, however, accelerometer #1
lies at 0 degrees of roll offset on the positive y-axis, accelerometer #4 at 45
degrees offset, accelerometer #7 at 90 degrees offset on the positive z-axis,
accelerometer #10 at 135 degrees offset and accelerometer #13 is at 180 de-
grees of roll offset, on the negative y-axis. Figure 3.3 is a representation of
the transverse roll array showing the direction of positive roll.
Figure 3.3: Transverse Roll Array at 0 degrees Roll Offset [30]
The above figures depict the conventions and coordinate systems used for
the dual-arc accelerometer array. The following figures, using these con-
ventions and coordinate systems depict the arrays during pitch and roll ma-
neuvers. Figure 3.4 shows the pitch array during a 45 degree pure pitch
maneuver while Figure 3.5 shows the roll array during a 45 degree pure roll
maneuver.
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Figure 3.4: Longitudinal Pitch Array with Pitch Offset at 45 degrees[30]
Figure 3.5: Transverse Roll Array with Roll Offset at 45 degrees[30]
32
3.2 Accelerometer Array Load Equations [30]
In order to simulate the accelerometer array, equations are needed to calcu-
late the accelerations for each accelerometer. This section gives the equa-
tions used in the simulation to calculate the accelerations of each accelerom-
eter. Their full derivation is not within the focus this work but can be found
in [30]. The accelerometers used in both arrays are 2-axis accelerometers
which results in acceleration measurements in 2-axes. The following equa-
tions are used to determine the accelerometer measurements for both the
pitch and roll (longitudinal and transverse) arrays.
ax,i,misalignay,i,misalign
az,i,misalign
 =
 cθcψ cθsψ −sθsφsθcψ − cφsψ sφsθsψ + cφcψ sφcθ
cφsθcψ + sφsψ cφsθsψ − sφcψ cφcθ
ax,iay,i
az,i

(3.1)
where
ax,i = ax,CG − (q2 + r2)x¯x + (pq − r˙)y¯x + (rp+ q˙)z¯x
ay,i = ay,CG + (pq + r˙)x¯y − (p2 + r2)y¯y + (rq − p˙)z¯y
az,i = az,CG + (pr − q˙)x¯z + (qr + p˙)y¯z − (p2 + q2)z¯z
(3.2)
Note that in Equation (3.1), the transformation matrix is the direction cosine
matrix. For the longitudinal array, ay,i,misalign is zero due to the accelerom-
eters being 2-axis and being aligned along the x-z plane. For the transverse
array, ax,i,misalign is zero due to the array being aligned along the y-z plane.
In the above equations, the angular rates are given as p, q and r for the roll,
pitch and yaw rates, respectively while their derivatives are given as p˙, q˙ and
r˙. The distances, x¯, y¯ and z¯ are the displacement distances from the vehi-
cle’s center of gravity along each of the axes. As stated above, the complete
derivations of these equations as well as their operation when subject to no
external forces can be found in [30]. During normal operation, the imposed
loading placed on the accelerometers due to rotational effects needs be sub-
tracted out. This was the subject of [30] and is summarized in the following
section.
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3.3 Imposed Loading of Accelerometers [30]
In order to ensure accurate estimation of biases, noise and, ultimately, at-
titude, the loads imposed upon the accelerometers due to dynamic factors
need to be removed. These equations were derived in full in [30] and the
final results are given here. The following equations are for the longitudinal,
pitch, array.
Az,imp=
g[Az,i−Ax,cg sin θi−(cos θman cosφman cos θi)]+rd[(r sin θi−p cos θi)2+q2]
cos θi
(3.3)
Ax,imp=
g[Az,i−Az,cg cos θi+(sin θman sin θi)]+rd
[
(2pr) cosφi sinφi−q2 sin2 φi−r2 cos2 φi−p2
]
sin θi
(3.4)
Equation (3.3) is valid for accelerometers #2 through #12 due to the singu-
larity present at accelerometers #1 and #13 (divide by zero because cos(±90deg) =
0). The same singularity occurs in Equation (3.4) at accelerometer #7 when
sin(0deg) = 0. The following equations are used to determine the imposed
loading for the transverse, roll, array and are derived in full in [30].
Ay,imp=
g[Ay,i−Az,cg sinφi−(cos θman sinφman cosφi)]−rd
[
(2pr) cosφi sinφi−q2 sin2 φi−r2 cos2 φi−p2
]
cosφi
(3.5)
Az,imp=
g[Ay,i−Ay,cg cosφi−(cos θman cosφman sinφi)]−rd
[
(2pr) cosφi sinφi−q2 sin2 φi−r2 cos2 φi−p2
]
sinφi
(3.6)
Equation (3.5) is valid for all accelerometers except accelerometer #7 due to
the singularity present (divide by zero because cos(90deg) = 0). The same
singularity occurs in Equation (3.6) at accelerometer #1 and accelerome-
ter #13 when sin(0deg, 180deg) = 0. With the imposed loading of the
accelerometers now known, the attitude of the aircraft (vehicle) can be de-
termined. In [30] the following equations for attitude determination were
developed and are used in this work to determine the pitch and roll angles
of the aircraft.
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θest = sin
−1(Ax,imposed − Ax,cg) (3.7)
φest = tan
−1
(Ay,cg − Ay,imposed
Az,cg − Az,imposed
)
(3.8)
In the above equations, the accelerometer measurements and imposed load-
ings are in gees. These equations were used throughout this work for atti-
tude determination. Note that there is no equation for the yaw angle, ψ, as
it is a redundant parameter for control.
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Chapter 4
Simulation Model
4.1 Nonlinear High Performance Aircraft Model [30]
In order to test the equations and algorithms presented in this study, a full six
degree-of-freedom aircraft model was utilized. This model uses the equa-
tions presented previously in Section 2.1 as well as the equations for aircraft
force and stability given in Appendix B.
The simulation model allows for the control of the aircraft control surfaces
such as the vertical rudder, trailing edge flap and horizontal tail. The sim-
ulation uses a full six-degree of freedom look up table using the inputs of
Mach number, altitude and angle-of-attack. For this work, the simulation
run time was set to 10 seconds and performed at the “cruising” flight condi-
tion of 300 knots and 20,000 feet.
The algorithms presented in this study were applied in three phases. The
first phase was to simulate the nonlinear high performance model using only
a longitudinal pitch maneuver subject to the imposed loads due to the, dis-
cussed in Section 2.1, aerodynamic, environmental and thrust forces. Next,
the simulation was run using only a transverse roll maneuver subject to the
aforementioned forces. Finally, upon verification through the previous two
phases, a combined longitudinal/transverse (pitch/roll) maneuver was used
to confirm the proposed algorithms and equations.
The three phases described above were also conducted twice; once without
the use of the Dryden Wind Turbulence model, and once with the model.
The Dryden Wind Turbulence model allows for the inclusion of real-world
turbulence effects in the simulation and allows for a more complete analy-
sis.
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This study was conducted in [30] but was used as a general procedure for
this work as well. For this work, the above procedure was used, not to test
the implementation of the aircraft equations of motion and stability, but to
test the algorithms for bias and drift estimation, which will be discussed in
later sections.
4.2 Dryden Wind Turbulence Model [11, 15]
As mentioned above, the Dryden Wind model is used to provide severe tur-
bulence and wind to the simulation. In the real world, aircraft experience
turbulence and wind gusts frequently so it is necessary to test the accelerom-
eter array and the bias estimation algorithms in the presence of these real
world effects. Presented in this section is a brief overview of the turbulence
produced within the simulation. The Dryden Wind model, in detail, is not
presented here as it is not the focus of this work but can be found in [11] or
[30]. The following figures show the turbulence during each of the maneu-
vers discussed above; longitudinal, transverse and longitudinal/transverse.
Figure 4.1: Turbulence Inputs during Longitudinal Maneuver
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Figure 4.2: Turbulence Inputs during Transverse Maneuver
Figure 4.3: Turbulence Inputs during Longitudinal/Transverse Maneuver
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Figure 4.1 shows the turbulence inputs during a longitudinal, pitch maneu-
ver; Figure 4.2 shows the turbulence inputs during a transverse, roll, maneu-
ver and Figure 4.3 shows turbulence inputs during a combined, longitudi-
nal/transverse, maneuver. The “amount” of turbulence is comparable during
each maneuver and is summarized in the following table.
Parameter
Maximum Turbulence Input (feet/second)
Longitudinal Transverse Combined
ub 50.709 51.308 60.068
vb 44.834 49.712 78.430
wb 56.598 59.931 59.415
Table 4.1: Turbulence Inputs for each Phase (Maneuver)
4.3 Model Improvements/Updates
In the previous study, [30], accelerometer biases, drift and noise were ig-
nored. For this study, the accelerometer measurement errors were the main
focus and, as such, needed to be incorporated into the model. The exact val-
ues for these errors will be discussed in the next chapter. Figure 4.4 shows
how the measurement errors were added to the model.
Figure 4.4: Accelerometer Errors in Simulink
The above figure shows how the sensor errors are applied to the x-direction
accelerometer for the pitch array. The same model is used for both arrays, in
all three coordinate directions. The specific values for bias, drift and noise
used for this study will be given in the next chapter.
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4.4 Simulation Architecture
The algorithms derived in the next two sections work together to obtain an
accurate, and reliable, attitude estimate. The algorithms operate in real-time
and continuously update the bias, drift, noise and attitude estimates. The
following sections give an overview of the two methods used to estimate
sensor biases.
4.4.1 Unscented Kalman Filter Bias Estimation
In the previous work, [30], an Extended Kalman filter was implemented to
estimate rate gyro biases. This work, instead, designed and implemented an
Unscented Kalman filter for bias estimation. The Unscented Kalman filter
does not linearize the system, which is the case for the Extended Kalman
filter, and, instead, operates on a set of sigma points which results in a faster
convergence on the biases as well as produce a more accurate attitude es-
timate. The full derivation of the Unscented Kalman filter for attitude de-
termination is discussed later in Chapter 5. The model for the Unscented
Kalman filter is shown in Figure 4.5.
Figure 4.5: Unscented Kalman Filter in Simulink
The Unscented Kalman filter uses information from the accelerometers and
rate gyroscopes to estimate the rate gyro biases. However, as mentioned
previously, there are errors within the accelerometer measurements which
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are estimated out via the algorithm derived later in Chapter 6. Because the
accelerometer bias algorithm also relies on the rate gyroscope data, the two
run together, simultaneously, to obtain an accurate estimate of attitude.
4.4.2 Accelerometer Bias Estimation
As mentioned in the previous section, the accelerometer bias estimation al-
gorithm(s) are needed along with the Unscented Kalman filter to obtain an
accurate, and reliable estimate of attitude. Figure 4.6 shows the model used
for the determination of the accelerometer biases for both the longitudinal
and transverse arrays.
Figure 4.6: Accelerometer Bias Estimation in Simulink
The accelerometer bias estimation algorithm(s) use information from the
rate gyros and the accelerometers to estimate the accelerometer biases.
4.4.3 Overall System Architecture
As stated previously, the two methods above are run simultaneously to ob-
tain an estimate for the attitude. Figure 4.7 gives an overall representation
of the attitude determination process.
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Figure 4.7: Overall System Architecture for Attitude Determination
In the above figure, the red block indicates the final, best, attitude estimate.
The results of this system will be given in Chapter 7.
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Chapter 5
Rate Gyro Biases and Unscented Kalman
Filter
The UKF works by using sigma points to approximate a Gaussian distribu-
tion for a nonlinear system and operates on the sigma points to achieve an
estimate of the system state. The UKF was altered to be used with quater-
nions for attitude estimation. The UKF uses information about the noise of
the rate gyroscopes and θˆaccel to estimate the attitude quaternion and the rate
gyro biases and noise covariance matrix. As such, the method discussed
later in Chapter 6 for estimating accelerometer biases and the method for
estimating rate gyro biases are carried out simultaneously. The following is
a detailed derivation of the Unscented Kalman Filter for attitude estimation.
Please note that the following sections make some alterations to the standard
formulation for use in this application. Also, the following formulations use
1-based indexing instead of the standard 0-based indexing.
5.1 The Unscented Transform [7, 8, 16, 17, 18, 21, 28, 32,
34, 36]
The Unscented Transform (UT) is the basis for the UKF and is reviewed
here. Consider the general discrete-time state-space model
xk+1 = f(xk, k) +Gkwk (5.1)
y˜k = h(xk, k) + vk (5.2)
where xk is the n x 1 state vector, y˜k is the m x 1 measurement vector, f
is the set of nonlinear equations, h is the set of measurement equations and
wk and vk are zero-mean Gaussian white noise processes with covariances
of Qk and Rk, respectively. For the standard Kalman Filter, as well as the
43
Extended Kalman Filter (EKF) the update equations are written as
xˆ+k+1 = xˆ
−
k +Kyˆ
−
k+1 (5.3)
P+k+1 = P
−
k+1 −KP vvk+1KT (5.4)
where the Kalman Gain, K is given by
K = P xyk+1inv(P
vv
k+1) (5.5)
In the above equations, the superscript − denotes pre-update while the su-
perscript + denotes post-update, Pk+1 is the covariance and P
xy
k+1 is the
cross-correlation matrix between the states, x and the measurements, y. The
UKF uses a different propagation than that of the EKF; the use of sigma
points. Given an n x n covariance matrix, a set of 2n + 1 sigma points is
generated. The set of sigma points is computed as follows:
χk(1) = xˆ
−
k (5.6)
σk = ±
√
(n+ λ)[P+k + Q¯k] (5.7)
χk(i) = σk + xˆ
−
k (5.8)
where λ is a tunable parameter, χk are the sigma points and Q¯k has a relation
to the process noise and will be discussed momentarily. For the general
form of the UKF, the sigma points given in equations (5.6) and (5.8) are
transformed through the nonlinear system of equations as follows:
χk+1(i) = f(χk(i), k) (5.9)
For this application, however, the sigma points are transformed using quater-
nions which is discussed in the next section. The following equations are
carried out in a straightforward manner ultimately resulting in the necessary
parameters for use in equations (5.3), (5.4) and (5.5). First, the predicted
mean is given by
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xˆ−k+1 =
1
n+ λ
[λχk+1(1) + 0.5
2n+1∑
i=2
χk+1(i)] (5.10)
The predicted covariance matrix is computed by
P−k+1 =
1
n+ λ
(
λ[χk+1(1)− xˆ−k+1][χk+1(1)− xˆ−k+1]T +
+ 0.5
2n+1∑
i=2
[χk+1(i)− xˆ−k+1][χk+1(i)− xˆ−k+1]T
)
+ Q¯k (5.11)
The mean observation is given by
yˆ−k+1 =
1
n+ λ
[
λγk+1(1) + 0.5
2n+1∑
i=2
γk+1(i)
]
(5.12)
where γk+1 will be discussed in the following section for this application
but, in general is given by
γk+1(i) = h[χk+1(i), k] (5.13)
The output covariance is calculated by
P yyk+1 =
1
n+ λ
(
λ[γk+1(1)− yˆ−k+1][γk+1(1)− yˆ−k+1]T +
+ 0.5
2n+1∑
i=2
[γk+1(i)− yˆ−k+1][γk+1(i)− yˆ−k+1]T
)
(5.14)
The cross-correlation is found using
P xyk+1 =
1
n+ λ
(
λ[χk+1(1)− xˆ−k+1][γk+1(1)− yˆ−k+1]T +
+ 0.5
2n+1∑
i=2
[χk+1(i)− xˆ−k+1][γk+1(i)− yˆ−k+1]T
)
(5.15)
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Finally, the innovation covariance is
P vvk+1 = P
yy
k+1 +Rk (5.16)
Next, the Kalman Gain is computed using Eqn. (5.5) and the state vector is
updated using (5.3).
5.2 Attitude Kinematics and Rate Gyro Sensor Model [7,
8, 13]
For this application, the attitude estimate is determined using quaternions
which describe the pitch, roll and yaw angles using 4 variables. For the
formulation below the quaternion is defined by q = [%T q4] where % =
[q1 q2 q3]
T . Also, the inverse is given by q−1 = [−%T q4] and [ax]
denotes a cross product matrix given by
[ax] =
 0 −a3 a2a3 0 −a1
−a2 a1 0
 (5.17)
The error-quaternion,δq = [δ%T δq4], is represented using generalized Ro-
drigues parameters:
δp = f [δ%/(a+ δq4)] (5.18)
where a is a chosen parameter from 0 to 1 and f is a scale factor. For this
formulation, f was chosen such that f = 2(a+ 1). The inverse transforma-
tion from δp to δq is given by
δq4 =
−a‖δp‖2 + f√f 2 + (1− a2)‖δp‖2
f 2 + ‖δp‖2 (5.19)
δ% =
1
f
(a+ δq4)δp (5.20)
The following is the general model used for the rate gyros where ω˜ is a
vector representing the angular rate measurements from the 3-axis rate gy-
roscope, ω is the true angular rate with no bias, β is the rate gyro bias and σv
and σu are zero-mean Gaussian white-noise processes following the model
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given by equation (2.55).
ω˜ = ω + σv + β (5.21)
β˙ = σu (5.22)
The UKF works to estimate σv and β in equation (5.21). In the standard
Kalman Filter formulation, the post-update angular velocity and updated
gyro bias are as follows:
ωˆ+k = ω˜k − βˆ+k (5.23)
βˆ−k+1 = βˆ
+
k (5.24)
Now, given post-update estimates for ωˆ+k and qˆ
+
k , the quaternion can be prop-
agated by
qˆ−k+1 = Ωqˆ
+
k (5.25)
where
Ω =
[
cos(0.5‖ωˆ+k ‖∆t)I3x3 − [ψˆ+k x] ψˆ+k
−ψˆ+Tk cos(0.5‖ωˆ+k ‖∆t)
]
(5.26)
with
ψˆ+k = sin(0.5‖ωˆ+k ‖∆t)ωˆ+kupslope‖ωˆ+k ‖ (5.27)
and ∆t is the sampling rate for the rate gyroscope.
5.2.1 Unscented Attitude Filter [8, 22, 34]
This section derives an Unscented Filter for attitude estimation using quater-
nions. First, the following state vector is defined
χk(1) = xˆ
+
k =
[
δpˆ+k
βˆ+k
]
(5.28)
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δpˆ+k will be used from Eqn. (5.18). Next, the sigma points in equations (5.6)
and (5.8) are partitioned as
χk(i) =
[
χδpˆk
χβk
]
, for i = 1, 2, . . . 13 (5.29)
Using equation (5.6), it can be assumed that
qˆ+k (1) = qˆ
+
k (5.30)
qˆ+k (i) = δqˆ
+
k (i) qˆ+k for i = 2, 3, . . . 13 (5.31)
where δqˆ+k (i) is found using equation (5.19) :
δq+4k(i) =
−a‖χδpk (i)‖2 + f
√
f 2 + (1− a2)‖χδpk (i)‖2
f 2 + ‖χδpk (i)‖2
for i = 2, 3, . . . 13
(5.32)
δ%+k (i) =
1
f
[a+ δq+4k(i)]χ
δp
k (i) for i = 2, 3, . . . 13 (5.33)
Note that equation (5.30) requires χδpk (1) to be zero which is due to reset-
ting the attitude error to zero. Without this reset, the error from the pre-
vious time step(s) would affect the current estimate(s) and would continue
to compound producing inaccurate results. Next, using equation (5.25), the
quaternions are propagated:
qˆ−k+1(i) = Ωqˆ
+
k (i) for i = 1, 2, . . . 13 (5.34)
where the estimated angular velocities are given as follows:
ωˆ+k = ω˜k − χβk(i) for i = 1, 2, . . . 13 (5.35)
The propagated error quaternions are calculated using
δq−k+1(i) = qˆ
−
k+1(i) inv(qˆ−k+1(1)) for i = 1, 2, . . . 13 (5.36)
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Lastly, the sigma points can be propagated using equation (5.18)
χδpk+1(1) = 0 (5.37)
χδpk+1(i) = f
δ%−k+1(i)
a+ δq−4k+1(i)
for i = 2, 3, . . . 13 (5.38)
χβk+1(i) = χ
β
k(i) for i = 1, 2, . . . 13 (5.39)
χk+1 =
[
χδpk+1 χ
β
k+1
]T
(5.40)
The derivation for Q¯k, which is used in equation (5.7), is not presented here
but is given by
Q¯k =
∆t
2
[
(σ2v − 16σ2u∆t2)I3x3 03x3
03x3 σ
2
uI3x3
]
(5.41)
Quaternion Mean Observations
In typical applications, an attitude matrix is needed to compute the mean
observations in equation (5.12). For this application, however, an attitude
matrix is not needed because the quaternions are measured through use of
the Dual-Arc Accelerometer array. Therefore, γk+1 in equation (5.12) is
calculated by using equations (5.36) and (5.38) as follows
δqγ(i) = qaccels  inv(qˆk+1(i)) for i = 1, 2, . . . 13 (5.42)
γk+1(i) = f
δ%γ(i)
a+ δq4γ(i)
for i = 1, 2, . . . 13 (5.43)
where δqγ = [δ%
T
γ δq4γ ]
T and qaccels is the quaternion estimate from the
accelerometers.
49
5.2.2 Unscented Attitude Filter Procedure [8]
The following outlines the steps for implemented the above derived attitude
estimation filter. First, an initial attitude quaternion and gyro-bias estimates
are needed along with an initial covariance matrix, P . The initial state vec-
tor is set to xˆ+0 = [0
T βT0 ]
T . Next, the parameters a and λ are chosen
and f is calculated from f = 2(a + 1). Q¯k is then calculated using equa-
tions (5.41). Following this, the sigma points are calculated using equa-
tions (5.6), (5.7) and (5.8). The error quaternions are calculated next using
equations. (5.32) and (5.33) and equations (5.30) and (5.31) are used to
compute the sigma point quaternions. Equation (5.34) is then used to prop-
agate the quaternions. The propagated error quaternions are next calculated
using equation (5.36) and the propagated sigma points are found through
equations (5.37), (5.38) and (5.39). The predicted mean and covariance are
computed through equations (5.10) and (5.11). Next, the mean observa-
tions are calculated using equation (5.12) and γk+1 from equation (5.43).
The output covariance, cross-correlation matrix and innovation covariance
are computer using equation (5.14), (5.15) and (5.16). The state vector is
then updated using equation (5.3) with xˆ+k+1 = [δpˆ
+T
k+1 βˆ
+T
k+1]
T . Finally, the
quaternions are updated using
δq+4k+1 =
−a‖δˆp+k+1‖2 + f
√
f 2 + (1− a2)‖δˆp+k+1‖2
f 2 + ‖δˆp+k+1‖2
(5.44)
δ%+k+1 =
1
f
(a+ δq+4k+1)δp
+
k+1 (5.45)
δq+k+1 =
[
δ%+Tk+1 δq
+
4k+1
]T
(5.46)
qˆ+k+1 = δq
+T
k+1  qˆ−Tk+1(1) (5.47)
and δˆp
+
k+1 is reset to zero and, for the next iteration,
xˆ+k =
[
qˆ+k+1 β
]T
(5.48)
The above procedure is used in the developed simulation, which was dis-
cussed in the previous chapter. As discussed previously, the Unscented
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Kalman filter is an improvement over the Extended Kalman filter. Next,
some simulation results from the dual-arc accelerometer array are given to
compare the Unscented to the Extended Kalman filter.
5.3 Comparison Between the Unscented Kalman Filter and
the Extended Kalman Filter
The Unscented Kalman filter was chosen as an improvement over the Ex-
tended Kalman filter for a number of reasons. The main reason, however,
was it’s higher degree of accuracy. Because the Unscented Kalman filter
does not linearize the system, it has a higher degree of potential accuracy.
This section compares the results under various scenarios of the Unscented
and Extended Kalman filters when they are applied to dual-arc accelerome-
ter array for the estimation of rate gyro biases. The following table outlines
the parameters used in the simulation of both the Unscented and Extended
Kalman filters. For the UKF, specifically the value for a, shown above, was
chosen to be 1, λ was set to -3 and n was set to a value of 6.
Unscented and Extended Kalman Filter Values
Parameter Value
P a0 1× 109
P b0 1× 10−4
P0 diag
[
P a0 P
a
0 P
a
0 P
b
0P
b
0P
b
0
]
σu(rad/sec
3/2) 1× 10−6
σv(rad/sec
3/2) 1× 10−2
β(deg/sec) 0.2
Table 5.1: UKF and EKF Parameter Values
For this study, the simulation time was set to 10 seconds with a sampling
frequency of 100Hz. Biases and noise effects were placed on the rate gy-
roscopes at 0.2deg/sec and 0.15(deg/sec)2 noise variance, respectively but
accelerometer noise and biases were set to zero in order to provide an ac-
curate comparison between the two filters. The following sections show the
accuracy of the Unscented Kalman filter vs that of the Extended Kalman
filter. For the comparison, the final attitude estimates were looked at in or-
der to determine which filter is better suited for these applications. In the
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following sections Figure (a) shows the attitude estimate results from the
Unscented Kalman filter while Figure (b) shows the attitude estimate re-
sults from the Extended Kalman filter. The first 2 plots in each set show
the pitch attitude error for the given phase. The second 2 plots show the
pitch estimate compared to the true value of pitch. The third set of 2 plots
shows the attitude estimation error for roll. The last set of plots shows the
roll estimate compared to the true value of roll.
5.3.1 Phase I - Longitudinal Aircraft Maneuver
Phase I - Longitudinal Maneuver: No Turbulence
The following figures compare the UKF to the EKF during a longitudinal
maneuver with no turbulence.
(a) Unscented Kalman Filter Pitch Error (b) Extended Kalman Filter Pitch Error
Figure 5.1: Comparison Between UKF and EKF - Pitch Error, Phase I No Turbulence
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(a) Unscented Kalman Filter Pitch Estimate (b) Extended Kalman Filter Pitch Estimate
Figure 5.2: Comparison Between UKF and EKF - Pitch Estimation, Phase I No Turbulence
The above figures show the comparison between the UKF and the EKF
pitch, θ, estimations during a longitudinal, pitch maneuver when no turbu-
lence is present. As seen above, the UKF is more accurate than the EKF
as the EKF estimate diverges from the truth after only 3 seconds while the
UKF estimate maintains an estimation error of less than 0.28 degrees.
(a) Unscented Kalman Filter Roll Error (b) Extended Kalman Filter Roll Error
Figure 5.3: Comparison Between UKF and EKF - Roll Error, Phase I No Turbulence
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(a) Unscented Kalman Filter Roll Estimate (b) Extended Kalman Filter Roll Estimate
Figure 5.4: Comparison Between UKF and EKF - Roll Estimation, Phase I No Turbulence
The above figures show the comparison between the UKF and the EKF roll,
φ, estimations during a longitudinal, pitch maneuver when no turbulence
is present. As seen above, both the UKF and EKF have estimation errors
due to estimating roll biases when only a pitch maneuver is present. For
this case, both the EKF and the UKF have comparable errors being both
below 0.005 degrees over the 10 seconds of simulation time. The EKF
estimate, however, does become less accurate as time increases while the
UKF estimate error remains relatively constant.
Phase I - Longitudinal Maneuver: Turbulence
The following figures compare the UKF to the EKF during a longitudinal
maneuver in the presence of turbulence.
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(a) Unscented Kalman Filter Pitch Error (b) Extended Kalman Filter Pitch Error
Figure 5.5: Comparison Between UKF and EKF - Pitch Error, Phase I with Turbulence
(a) Unscented Kalman Filter Pitch Estimate (b) Extended Kalman Filter Pitch Estimate
Figure 5.6: Comparison Between UKF and EKF - Pitch Estimation, Phase I with Turbu-
lence
The above figures show the comparison between the UKF and the EKF
pitch, θ, estimations during a longitudinal, pitch maneuver when turbulence
is present. The UKF estimate absolute error remains lower than that of the
EKF over time. The errors for both estimates, however, are larger here then
when no turbulence was present being above 0.4 degrees. While the UKF
estimate absolute error remains below 0.5 degrees throughout, the EKF error
becomes as high as 0.8 degrees for various instances of time.
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(a) Unscented Kalman Filter Roll Error (b) Extended Kalman Filter Roll Error
Figure 5.7: Comparison Between UKF and EKF - Roll Error, Phase I with Turbulence
(a) Unscented Kalman Filter Roll Estimate (b) Extended Kalman Filter Roll Estimate
Figure 5.8: Comparison Between UKF and EKF - Roll Estimation, Phase I with Turbulence
The above figures show the comparison between the UKF and the EKF roll,
φ, estimations during a longitudinal, pitch maneuver when turbulence is
present. Apart from one spike, the UKF estimate absolute error remains be-
low 0.15 degrees over all time while the EKF estimate error remains higher
over the 10 seconds. In this case the UKF and EKF estimates are similar, as
seen in the above figures.
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5.3.2 Phase II - Transverse Aircraft Maneuver
Phase II - Transverse Maneuver: No Turbulence
The following figures compare the UKF to the EKF during a transverse
maneuver with no turbulence.
(a) Unscented Kalman Filter Pitch Error (b) Extended Kalman Filter Pitch Error
Figure 5.9: Comparison Between UKF and EKF - Pitch Error, Phase II No Turbulence
(a) Unscented Kalman Filter Pitch Estimate (b) Extended Kalman Filter Pitch Estimate
Figure 5.10: Comparison Between UKF and EKF - Pitch Estimation, Phase II No Turbu-
lence
The above figures show the comparison between the UKF and the EKF
pitch, θ, estimations during a transverse, roll maneuver when no turbulence
is present. At steady state, The UKF absolute error becomes less than 0.01
degrees while the EKF absolute error is 0.03 degrees. The errors for the
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pitch estimate for both filters, however, are very low and, thus, the UKF
only slightly outperforms the EKF for this case.
(a) Unscented Kalman Filter Roll Error (b) Extended Kalman Filter Roll Error
Figure 5.11: Comparison Between UKF and EKF - Roll Error, Phase II No Turbulence
(a) Unscented Kalman Filter Roll Estimate (b) Extended Kalman Filter Roll Estimate
Figure 5.12: Comparison Between UKF and EKF - Roll Estimation, Phase II No Turbu-
lence
The above figures show the comparison between the UKF and the EKF roll,
φ, estimations during a transverse, roll maneuver when no turbulence is
present. The roll estimate absolute error for the UKF is maintained below
0.3 degrees over all time while the EKF error achieves an error of 0.65
degrees. Both estimate errors, however, do approach 0 degrees as the time
of the simulation approaches 10 seconds. However, this is due to the lack
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of dynamic movement of the aircraft after 6 seconds. Before this time, the
UKF is more accurate than the EKF.
Phase II - Transverse Maneuver: Turbulence
The following figures compare the UKF to the EKF during a transverse
maneuver in the presence of turbulence.
(a) Unscented Kalman Filter Pitch Error (b) Extended Kalman Filter Pitch Error
Figure 5.13: Comparison Between UKF and EKF - Pitch Error, Phase II with Turbulence
(a) Unscented Kalman Filter Pitch Estimate (b) Extended Kalman Filter Pitch Estimate
Figure 5.14: Comparison Between UKF and EKF - Pitch Estimation, Phase II with Turbu-
lence
The above figures show the comparison between the UKF and the EKF
pitch, θ, estimations during a longitudinal, pitch maneuver when turbulence
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is present. As shown, the errors present for both the UKF and EKF estimates
are similar which is due to the estimation of pitch biases during a pure roll
maneuver. In this case, the UKF and EKF estimates are approximately the
same possessing similar errors over the simulation time.
(a) Unscented Kalman Filter Roll Error (b) Extended Kalman Filter Roll Error
Figure 5.15: Comparison Between UKF and EKF - Roll Error, Phase II with Turbulence
(a) Unscented Kalman Filter Roll Estimate (b) Extended Kalman Filter Roll Estimate
Figure 5.16: Comparison Between UKF and EKF - Roll Estimation, Phase II with Turbu-
lence
The above figures show the comparison between the UKF and the EKF roll,
φ, estimations during a longitudinal, pitch maneuver when turbulence is
present. The UKF estimate absolute error, for all time, is lower than that of
the EKF. The UKF error is maintained below 0.25 degrees after 3.5 seconds
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while the EKF error after that time is maintained below 0.4 degrees. For this
case, the UKF attitude estimate is more accurate than the EKF estimate.
5.3.3 Phase III - Longitudinal/Transverse Aircraft Maneuver
Phase III - Longitudinal/Transverse Maneuver: No Turbulence
The following figures compare the UKF to the EKF during a longitudi-
nal/transverse maneuver with no turbulence.
(a) Unscented Kalman Filter Pitch Error (b) Extended Kalman Filter Pitch Error
Figure 5.17: Comparison Between UKF and EKF - Pitch Error, Phase III No Turbulence
(a) Unscented Kalman Filter Pitch Estimate (b) Extended Kalman Filter Pitch Estimate
Figure 5.18: Comparison Between UKF and EKF - Pitch Estimation, Phase III No Turbu-
lence
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The above figures show the comparison between the UKF and the EKF
pitch, θ, estimations during a combined, longitudinal/transverse maneuver
when no turbulence is present. The EKF absolute error is nearly twice that
of the UKF error for all time. The UKF absolute error is maintained below
0.35 degrees over all time while the EKF error becomes as high as 0.7 de-
grees and eventually converges to an error of 0.3 degrees. This shows that
the UKF estimate for this case is more accurate than the EKF estimate
(a) Unscented Kalman Filter Roll Error (b) Extended Kalman Filter Roll Error
Figure 5.19: Comparison Between UKF and EKF - Roll Error, Phase III No Turbulence
(a) Unscented Kalman Filter Roll Estimate (b) Extended Kalman Filter Roll Estimate
Figure 5.20: Comparison Between UKF and EKF - Roll Estimation, Phase III No Turbu-
lence
The above figures show the comparison between the UKF and the EKF
roll, φ, estimations during a combined, longitudinal/transverse maneuver
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when no turbulence is present. As seen above, the UKF estimation absolute
error is maintained below 0.25 degrees for all time while the EKF estimate
absolute error is as high as 0.45 degrees at certain instances. The UKF
estimate at nearly all points in time is more accurate than the EKF estimate
for this case.
Phase III - Longitudinal/Transverse Maneuver: Turbulence
The following figures compare the UKF to the EKF during a longitudi-
nal/transverse maneuver in the presence of turbulence.
(a) Unscented Kalman Filter Pitch Error (b) Extended Kalman Filter Pitch Error
Figure 5.21: Comparison Between UKF and EKF - Pitch Error, Phase III with Turbulence
(a) Unscented Kalman Filter Pitch Estimate (b) Extended Kalman Filter Pitch Estimate
Figure 5.22: Comparison Between UKF and EKF - Pitch Estimation, Phase III with Tur-
bulence
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The above figures show the comparison between the UKF and the EKF
pitch, θ, estimations during a combined, longitudinal/transverse maneuver
when turbulence is present. As shown, the errors present for both the UKF
and EKF estimates are comparable. In this case, the UKF and EKF estimates
are approximately the same. The EKF estimate, however, is slightly more
accurate than the UKF estimate having a higher maximum absolute error
but a lower average error over all time. Despite this, however, the difference
between their errors is very small at less than a 6% difference.
(a) Unscented Kalman Filter Roll Error (b) Extended Kalman Filter Roll Error
Figure 5.23: Comparison Between UKF and EKF - Roll Error, Phase III with Turbulence
(a) Unscented Kalman Filter Roll Estimate (b) Extended Kalman Filter Roll Estimate
Figure 5.24: Comparison Between UKF and EKF - Roll Estimation, Phase III with Turbu-
lence
The above figures show the comparison between the UKF and the EKF roll,
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φ, estimations during a combined, longitudinal/transverse maneuver when
turbulence is present. As shown, the errors present for both the UKF and
EKF estimates are comparable. In this case, the UKF and EKF estimates
are approximately the same. The EKF estimate, however, is slightly more
accurate than the UKF estimate having a lower maximum absolute error
and a lower average error over all time. Despite this, however, the estimate
absolute mean errors are both less than 0.05 degrees.
5.4 Unscented vs Extended Kalman Filter Summary
As seen above, in all cases the UKF performs better than the EKF. Table 5.2
gives a summary of the results.
θ (deg) Max θ (deg) Mean φ (deg) Max φ (deg) Mean
absolute error absolute error absolute error absolute error
after 4 secs after 4 secs
Phase I
UKF
No Turb. 0.27766 0.18779 0.00167 0.00054
Turb. 0.41976 0.21944 0.17346 0.06377
EKF
No Turb. 0.72277 0.49270 0.00398 0.00194
Turb. 0.80824 0.49848 0.34710 0.11679
Phase II
UKF
No Turb. 0.08007 0.01533 0.11063 0.02614
Turb. 0.49147 0.19101 0.24525 0.08168
EKF
No Turb. 0.06401 0.04112 0.22260 0.04326
Turb. 0.52906 0.21087 0.42111 0.15775
Phase III
UKF
No Turb. 0.33522 0.17631 0.14134 0.02849
Turb. 0.41731 0.11014 0.17804 0.03945
EKF
No Turb. 0.64139 0.40006 0.25328 0.05135
Turb. 0.48620 0.10411 0.13226 0.02966
Table 5.2: Unscented vs Extended Kalman Filter Comparative Results
As shown in the above table, in all instances, the UKF mean absolute errors
are lower than those of the EKF. The maximum errors of the EKF are also
higher for all cases compared to the UKF except in the case of the roll, φ,
estimate for Phase III in the presence of turbulence. Even though the EKF
has a lower maximum absolute error, both errors are below 0.05 degrees
which is highly accurate. It can be concluded from these results, that the
UKF produces more accurate attitude estimates compared to those obtained
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via the EKF and will be used in all subsequent results. Also, of note, is the
fact that in all cases, for both the EKF and the UKF, the roll estimates are
more accurate than the pitch estimates.
It is common to not view the accuracy of the UKF as the accuracy of its
bias estimate. The bias estimate coming from the UKF is generally not
reminiscent of the true bias. This is due to the bias estimate coming from the
UKF being already transformed to sigma space. As such, in papers, such as
[6, 8, 32, 34], that use the UKF to estimate states, biases or attitude, the final
estimates are compared to the “true” values for validation and verification,
as was done in this work.
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Chapter 6
Accelerometer Bias Estimation
As mentioned in previous sections, the determination of accelerometer mea-
surement errors is critical in accurate attitude determination. As such, a
method for estimating this errors is needed. In this work, a technique is used
which uses the attitude estimates from the rate gyroscopes to compare to the
attitude estimates from the accelerometer array. This forms an error signal,
e(t) which, if reduced will provide an accurate estimate of attitude. A very
common approach to reducing error signals is the use of controllers. This
approach was chosen for this work using a common Proportional, Integral,
Derivative, or PID, controller. The derivation of this technique/algorithm is
given in the next section.
6.1 Accelerometer Bias Estimation Alogrithm
The sensor form given in Equation (2.55) is used as the model for the ac-
celerometers. Because the error terms are additive, they can be combined
into one singular error term and Equation (2.55) can be rewritten as follows,
x˜ = x+ β(t) (6.1)
where
β(t) = v(t) + b(t) + d(t)
In order to eliminate the effects of the measurement error term, β, Equation
(6.1) needs to have a term added and is written as,
x˜ = x+ (β(t)− u(t)) (6.2)
where u(t) is the input from the controller(s), which will be discussed shortly.
As mentioned previously, in order to obtain the control input, u(t), a con-
troller is needed but first an error signal needs to be defined:
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ei(t) = (θˆgyros − θˆi,accel) (6.3)
where θˆgyros is the pitch attitude estimate using the rate gyroscope data and
θˆi,accel is the pitch attitude estimate using the ith accelerometer. Because
there are thirteen accelerometers along each arc, Equation (6.3) produces
thirteen error signals. The above equation can also be written in the same
way for the roll array as follows:
ei(t) = (φˆgyros − φˆi,accel) (6.4)
Next, the error, e(t) needs to be reduced through the use of a controller
which, in this case, is the standard PID controller taken from [4]:
ui(t) = Kpiei(t) +Kii
∫ t
0
ei(τ)dτ +Kdi
dei(t)
dt
(6.5)
where Kp, Ki and Kd are the proportional, integral and derivative gains,
respectively. In order to determine the values for each of the gains, a Par-
ticle Swarm Optimization technique was utilized in Matlab and Simulink
which will be discussed shortly. Note that when u(t) from Equation (6.5)
approaches β(t), the term (β(t)− u(t)) approaches zero and, thus the mea-
sured value approaches the true value. Ideally, Equation (6.5) would be
used for each of the twenty five accelerometers to obtain their bias esti-
mates, however, upon implementation of that method, large errors in bias
estimates were observed due to unknown circumstances. As such, an al-
tered approach to obtaining the bias estimates was developed and is given
in the next section.
6.1.1 Accelerometer Bias Estimation, Additive Approach
As mentioned above, an alteration to the above method is needed. This
method uses two accelerometers from opposite sides of the accelerometer
array. These two accelerometers do not need to be directly opposite of each
other, just on the opposite side of the array. Consider two accelerometers on
the opposite sides of the arc array that are not in line with each other such
as accelerometer #2 and #13 in Figure 6.1.
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Figure 6.1: Pitch Array Accelerometer Orientations
The red and cyan axes represent the orientation of the respective accelerom-
eters. As shown in the above figure, accelerometer #2 has its x and z axis
rotated, counter-clockwise 15 degrees from those of accelerometer #1 and
195 degrees from accelerometer #13. It is also of note that accelerometer #7
has it’s x-axis aligned with the device x-axis in all instances and accelerome-
ter #1’s z-axis lies along the device negative x-axis and accelerometer #13’s
z-axis lies along the device positive x-axis. Also of note is the fact only
the misaligned z-axis (Zdevice) acceleration is needed in the imposed load-
ing equations in Section 3.3 which are used for the attiude estimates. A
similar approach can be done to find the biases for the x-direction but was
not considered in this work. Using this convention for the accelerometer
orientations, two accelerometers on opposite sides of the array can be sub-
tracted in order to sum their biases. The reason for subtraction is because,
due to their respective rotations, the positive z-axes of the left half plane
accelerometers coincide with the negative z-axes of the right half plane ac-
celerometers which will result in bias addition instead of subtraction when
two accelereomters are subtracted. This can be more clearly seen in the be-
low equations. The following equations were developed in order to estimate
the additive biases for the pitch and roll arrays, where θi and φi, are defined
in Appendix A.
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∆1 = b13
1
sin θ13
− b1 1sin θ1
∆2 = b12
1
sin θ12
− b1 1sin θ1
∆3 = b12
1
sin θ12
− b2 1sin θ2
(6.6)
where bi refers to the bias of the ith accelerometer. Since accelerometers
#1 through #6 are on the left-half plane and their orientation angles, θi, are
negative, Equation (6.6) can be rewritten as,
∆1 = b13
1
sin θ13
+ b1
1
sin |θ1|
∆2 = b12
1
sin θ12
+ b1
1
sin |θ1|
∆3 = b12
1
sin θ12
+ b2
1
sin |θ2|
(6.7)
which, as stated above, results in the accelerometer biases being added in-
stead of subtracted.
The corresponding roll array equations are as follows:
∆1 = b1
1
cosφ1
− b13 1cosφ13
∆2 = b1
1
cosφ1
− b12 1cosφ12
∆3 = b2
1
cosφ2
− b12 1cosφ12
(6.8)
Since accelerometers #8 through #13 are on the left-half plane and their
orientation angles, φi, result in cosφi being negative, Equation (6.8) can be
rewritten as,
∆1 = b1
1
cosφ1
+ b13
1
cos(pi−φ13)
∆2 = b1
1
cosφ1
+ b12
1
cos(pi−φ12)
∆3 = b2
1
cosφ2
+ b12
1
cos(pi−φ12)
(6.9)
The ∆′s in the above equations are estimated through the algorithm in the
previous section. Knowing the ∆′s and estimating b2 through the algorithm
in the previous section, a system of 3 equations with 3 unknowns is devel-
oped which can be solved for the remaining 3 biases. The sets of equations
for the remaining accelerometers, as well as a more complete derivation, can
be found in Appendix C. The full algorithm is presented in the following
figure.
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Figure 6.2: Accelerometer Bias Estimation Algorithm
In Figure 6.2, the orange blocks represent the final accelerometer bias esti-
mates. The algorithm given above is for the pitch array but is the same as
applied for the roll array. The figure also shows the estimation algorithm for
one set of four accelerometers but, using the equations in Appendix C, the
figure can be slightly altered for the remaining accelerometers.
6.1.2 Particle Swarm Optimization for Determining PID Controller
Gains
In Section 2.4.1, the equations for Particle Swarm Optimization were given.
Using the equations of that section and the following parameters:
Parameter/Variable Value
yp 1
yg 1
W 1.2
Q 120
blow -10
bup 10
Table 6.1: Particle Swarm Optimization Parameters for PID Gains
The PSO was carried out twice, once for the pitch array, and once for the
roll array. The following cost function(s) were used for the pitch and roll
arrays, respectively.
J =
∫ t
0 (θtrue − θˆ)2dt
J =
∫ t
0 (φtrue − φˆ)2dt
(6.10)
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where the subscript ”true” denotes the true value obtained from the nonlin-
ear aircraft model and θˆ and φˆ are the attitude estimates from the dual-arc
array. The optimization was carried out using Matlab and Simulink with a
convergence tolerance of 10−5 meaning that the cost function value had to
be less than the tolerance for convergence. Also, for the optimization rou-
tine, the particles were allowed outside of the bounds defined by blow and
bup. During preliminary runs it was found that the gains for estimating the
∆′s were nearly identical in all instances. Because of this, the gains for the
various ∆′s were set to be the same within the optimization routine. The
following table gives the resultant PID gains from the optimization runs.
PID Paramter for Estimation
Gains b2 ∆′s b4 ∆′s b6 ∆′s
Pitch
Kp 0.0054855 -0.0050188 0.11733 0.01218 -0.0032348 0.0060491
Ki 1.51288 1.5295 0.69779 1.0343 0.26027 0.55327
Array Kd 0.0000226 0.0000802 -0.0000175 -0.0000286 0.000003 0.0000002
Roll
Kp 0.0011466 0.2117 0.0031403 -0.0605280 0.0007906 -0.0003860
Ki 1.4274 104751 6.4587 0.87718 2.6911 5.5839
Array Kd 0.0000118 -0.0001031 0.0000016 0.0001274 0.0000009 0.0000021
Table 6.2: PID Gains for Accelerometer Bias Estimation
6.2 Accelerometer Bias Estimation Results
The above method was chosen due to its robustness as well as it’s accuracy.
This section shows the accuracy, and robustness, of the accelerometer bias
estimation algorithm developed in the above section. The figures in this sec-
tion show attitude estimates both with and without the algorithm enabled.
For this study, the simulation time was set to 10 seconds with a sampling
frequency of 100Hz. Biases and noise effects were placed on the rate ac-
celerometers but rate gyroscope noise and biases were set to zero in order
to isolate on the accelerometer bias estimation aglorithm. The accelerom-
eter biases were each set to 0.25gees for this run and the noise variance
was set to 0.00015gees2. Drift effects results are displayed for the Phase
III maneuver(s) here but not for Phase I and II due to identical results. A
more complete analysis with varying biases and drift effects can be found
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in Section 7. The following sections show the accuracy of the accelerome-
ter bias estimation routine developed. For the comparison, the final attitude
estimates were looked at in order to ascertain the effectiveness of the bias
estimation algorithm.
In the following sections, Figure (a) shows the attitude estimate results when
no accelerometer measurement error algorithm is present while Figure (b)
shows the attitude estimate results in the presence of the aforementioned
algorithm. The first 2 plots in each set show the pitch attitude error for the
given phase. The second 2 plots show the pitch estimate compared to the
true value of pitch. The third plot shows the accelerometer bias estimate for
the pitch array. The fourth set of 2 plots shows the attitude estimation error
for the roll. The fifth set of plots shows the roll estimate compared to the
trule value of roll. The final plot shows the accelerometer bias estimate for
the roll array.
6.2.1 Phase I - Longitudinal Aircraft Maneuver
Phase I - Longitudinal Maneuver: No Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a longitudinal maneuver with no turbulence.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.3: Accelerometer Bias Estimation - Pitch Error, Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.4: Accelerometer Bias Estimation - Pitch Estimate, Phase I No Turbulence
Figure 6.5: Pitch Bias Estimation - Phase I No Turbulence
As seen in the above figures, the accelerometer bias estimation algorithm
greatly improves on the attitude estimation for this case. The maximum
absolute error when the bias estimation algorithm is applied is less than
0.17 degrees while the error when the bias is left unestimated is greater than
17 degrees, which is nearly 200 times less accurate. The same trend can be
seen for the roll estimate in the following figures. As seen in Figure 6.5, the
pitch bias estimate converges to values close to the true accelerometer bias.
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.6: Accelerometer Bias Estimation - Roll Error, Phase I No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.7: Accelerometer Bias Estimation - Roll Estimate, Phase I No Turbulence
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Figure 6.8: Roll Bias Estimation - Phase I No Turbulence
As shown in the above figures, the roll estimate in the presence of estimating
accelerometer biases is highly more accurate than without estimating the
biases. As seen in Figure 6.8, the roll bias estimate converges to values close
to the true accelerometer bias. For this case, the estimation of accelerometer
biases greatly increases the accuracy of the attitude estimates.
Phase I - Longitudinal Maneuver: Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a longitudinal maneuver in the presence of turbulence.
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.9: Accelerometer Bias Estimation - Pitch Error, Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.10: Accelerometer Bias Estimation - Pitch Estimate, Phase I with Turbulence
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Figure 6.11: Pitch Bias Estimation - Phase I with Turbulence
As seen in the above figures, the accelerometer bias estimation algorithm
greatly improves on the attitude estimation for this case. The maximum
absolute error when the bias estimation algorithm is applied is less than 0.4
degrees while the error when the bias is left unestimated is greater than 17
degrees, which is nearly 50 times less accurate. The same trend can be seen
for the roll estimate in the following figures. As seen in Figure 6.5, the pitch
bias estimate converges to values close to the true accelerometer bias.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.12: Accelerometer Bias Estimation - Roll Error, Phase I with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.13: Accelerometer Bias Estimation - Roll Estimate, Phase I with Turbulence
Figure 6.14: Roll Bias Estimation - Phase I with Turbulence
As shown in the above figures, the roll estimate in the presence of estimating
accelerometer biases is highly more accurate than without estimating the
biases. As seen in Figure 6.8, the roll bias estimate converges to values close
to the true accelerometer bias. For this case, the estimation of accelerometer
biases greatly increases the accuracy of the attitude estimates.
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6.2.2 Phase II - Transverse Aircraft Maneuver
Phase II - Transverse Maneuver: No Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a transverse maneuver with no turbulence.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.15: Accelerometer Bias Estimation - Pitch Error, Phase II No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.16: Accelerometer Bias Estimation - Pitch Estimate, Phase II No Turbulence
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Figure 6.17: Pitch Bias Estimation - Phase II No Turbulence
As seen in the above figures, the accelerometer bias estimation algorithm
greatly improves on the attitude estimation. The maximum error for pitch
estimate during a roll maneuver is less than 0.13 degrees. This is lower
than the maximum error during a pure pitch maneuver. Again, the pitch
array accelerometer bias estimate converges to values within 5% of the true
value.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.18: Accelerometer Bias Estimation - Roll Error, Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.19: Accelerometer Bias Estimation - Roll Estimate, Phase II No Turbulence
Figure 6.20: Roll Bias Estimation - Phase II No Turbulence
As shown in the above figures, the roll estimate in the presence of estimating
accelerometer biases is highly more accurate than without estimating the
biases. The roll estimate is more accurate during a Phase II maneuver due
to sufficient excitation of the roll axis, which was not present during a pure
pitch maneuver. Figure 6.20 shows that the roll array bias estimates do
converge to the true bias value.
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Phase II - Transverse Maneuver: Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a transverse maneuver in the presence of turbulence.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.21: Accelerometer Bias Estimation - Pitch Error, Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.22: Accelerometer Bias Estimation - Pitch Estimate, Phase II with Turbulence
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Figure 6.23: Pitch Bias Estimation - Phase II with Turbulence
The above figures show that the pitch estimate error is less than 0.5 de-
grees but is not highly accurate due to the Phase II maneuver. Despite this,
however, the attitude estimate when accelerometer biases are unestimated
is highly inaccurate having an average error of approximately 15 degrees
compared to the 0.2 degree average error when biases are estimated.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.24: Accelerometer Bias Estimation - Roll Error, Phase II with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.25: Accelerometer Bias Estimation - Roll Estimate, Phase II with Turbulence
Figure 6.26: Roll Bias Estimation - Phase II with Turbulence
As shown in the above figures, the roll estimate in the presence of estimat-
ing accelerometer biases is highly more accurate than without estimating
the biases. The roll absolute error is maintained below 0.25 degrees after 4
seconds in the presence of turbulence. The roll error when no bias estima-
tion is in place is greater than 14 degrees after 4 seconds. Again, the roll
array accelerometer bias estimate is within 5% of the true value, as shown
in Figure 6.26.
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6.2.3 Phase III - Longitudinal/Transverse Aircraft Maneuver
Phase III - Longitudinal/Transverse Maneuver: No Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a longitudinal/transverse maneuver with no turbulence.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.27: Accelerometer Bias Estimation - Pitch Error, Phase III No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.28: Accelerometer Bias Estimation - Pitch Estimate, Phase III No Turbulence
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Figure 6.29: Pitch Bias Estimation - Phase III No Turbulence
The pitch estimate, in the presence of estimated accelerometer biases, is
highly accurate, maintaining an absolute estimate error of less than 0.25 de-
grees. Without bias estimation, however, the pitch error is maintained at
greater than 15 degrees after 2 seconds, which is a highly inaccurate esti-
mate.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.30: Accelerometer Bias Estimation - Roll Error, Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.31: Accelerometer Bias Estimation - Roll Estimate, Phase III No Turbulence
Figure 6.32: Roll Bias Estimation - Phase III No Turbulence
The results of the roll estimate are comparable to those of the pitch estimate.
The roll error is maintained at below 0.25 degrees and below 0.025 degrees
after 6 seconds. The roll error with no bias estimate, however, is greater
than 15 degrees after 2 seconds, which is undesirable. The bias estimate is
also within 5% of the true value for this case as well.
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Phase III - Longitudinal/Transverse Maneuver: Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a longitudinal/transverse maneuver in the presence of tur-
bulence.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.33: Accelerometer Bias Estimation - Pitch Error, Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.34: Accelerometer Bias Estimation - Pitch Estimate, Phase III with Turbulence
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Figure 6.35: Pitch Bias Estimation - Phase III with Turbulence
Despite a large degree of turbulence being present, the attitude error is very
low during the full 10 seconds of simulation aside from a brief increase in
error from 3.5 seconds to 4.5 seconds. This could be due to the complex
dynamic maneuver as shown in Figure 6.34. The pitch array accelerometer
bias estimates contain more noise than before due to the turbulence but are
still accurate enough to give a highly accurate attitude estimate.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.36: Accelerometer Bias Estimation - Roll Error, Phase III with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.37: Accelerometer Bias Estimation - Roll Estimate, Phase III with Turbulence
Figure 6.38: Roll Bias Estimation - Phase III with Turbulence
Similar to the pitch estimate, the roll estimate is highly accurate after a
short while to within 0.25 degrees of the true attitude despite the presence
of severe turbulence. The large attitude error at approximately 3.5 seconds
is due to the complex dynamic manuever, however, the error is only as large
as 0.25 degrees which is still low.
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6.2.4 Phase III - Longitudinal/Transverse Maneuver with Drift Ef-
fects
The following section shows the robustness of the accelerometer bias esti-
mation algorithm in the presence of very severe sensor drift. For the follow-
ing simulation results, the drift was set to 0.005 gees/second or 18 gees/hour.
Phase III - Longitudinal/Transverse Maneuver with Drift Effects: No
Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a longitudinal/transverse maneuver with no turbulence in
the presence of severe accelerometer drift errors.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.39: Accelerometer Bias Estimation with Drift - Pitch Error, Phase III No Turbu-
lence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.40: Accelerometer Bias Estimation with Drift - Pitch Estimate, Phase III No Tur-
bulence
Figure 6.41: Pitch Bias Estimation with Drift - Phase III No Turbulence
As shown in the above figures, the attitude estimation absolute error is only
slightly higher, 0.02 gees, with severe drift than without. The pitch estimate
error is still maintained at below 0.25 degrees. As seen in Figure 6.41, the
bias estimate drifts with time due to the drift error applied to the accelerom-
eters.
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.42: Accelerometer Bias Estimation with Drift - Roll Error, Phase III No Turbu-
lence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.43: Accelerometer Bias Estimation with Drift - Roll Estimate, Phase III No Tur-
bulence
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Figure 6.44: Roll Bias Estimation with Drift - Phase III No Turbulence
Similar to the pitch array results, the roll estimate in the presence of se-
vere drift has a slightly higher absolute error than with no drift effects. In
this case, the roll error is maintained below 0.25 degrees which is still an
accurate estimate of the aircraft roll.
Phase III - Longitudinal/Transverse Maneuver: Turbulence
The following figures are the result of the accelerometer bias estimation
algorithm during a longitudinal/transverse maneuver in the presence of tur-
bulence and severe accelerometer drift.
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.45: Accelerometer Bias Estimation with Drift - Pitch Error, Phase III with Turbu-
lence
(a) No Bias Estimation (b) Bias Estimation
Figure 6.46: Accelerometer Bias Estimation with Drift - Pitch Estimate, Phase III with
Turbulence
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Figure 6.47: Pitch Bias Estimation with Drift - Phase III with Turbulence
The pitch estimate for a Phase III maneuver in the presence of turbulence
with accelerometer drift effects is less accurate than with no drift effects,
as it was with no turbulence. While less accurate, the absolute error is still
maintained at less than 0.5 degrees. The acceleromter bias estimate is still
accurate as it accounts for the drift effects of the accelerometers.
(a) No Bias Estimation (b) Bias Estimation
Figure 6.48: Accelerometer Bias Estimation with Drift - Roll Error, Phase III with Turbu-
lence
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(a) No Bias Estimation (b) Bias Estimation
Figure 6.49: Accelerometer Bias Estimation with Drift - Roll Estimate, Phase III with
Turbulence
Figure 6.50: Roll Bias Estimation with Drift - Phase III with Turbulence
The same is seen in the roll array; the roll estimate is slightly less accurate
in the presence of severe drift but is still an accurate attitude estimate with
absolute error less than 0.25 degrees. Even in the presence of very severe
drift, the attitude estimates for pitch and roll are still accurate due to the ro-
bustness of the accelerometer bias estimation algorithm and the assumption
that the measurement errors are additive.
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6.3 Accelerometer Bias Estimation Summary
As seen above, in all cases the estimation of accelerometer biases greatly
improves the attitude estimate. Table 6.3 gives a summary of the results.
θ (deg) Max θ (deg) Mean φ (deg) Max φ (deg) Mean
absolute error absolute error absolute error absolute error
after 4 secs after 4 secs after 4 secs after 4 secs
Phase I
No Turb. 0.16974 0.08827 0.07802 0.06995
Turb. 0.33825 0.17549 0.26623 0.07674
Phase II
No Turb. 0.09770 0.06850 0.12955 0.02424
Turb. 0.54828 0.20017 0.34317 0.14532
Phase III
No Turb. 0.25328 0.09935 0.15946 0.03101
Turb. 0.44000 0.10638 0.26027 0.13774
Phase III No Turb. 0.24554 0.05910 0.16015 0.01740
with Drift Turb. 0.44274 0.12608 0.22073 0.10839
Table 6.3: Accelerometer Bias Estimation Results
As shown in the above table, the mean pitch absolute errors in all cases are
less than 0.25 degrees and the mean roll absolute errors are less than 0.15
degrees. For all instances, the roll estimates are more accurate than the pitch
estimates which may be due to the amount of excitation for the given ma-
neuver or the nature of the accelerometer array. Also, even in the presence
of severe drift effects, the attitude estimation absolute errors are kept mini-
mal and are very close to the errors in the presence of no drift effects. These
errors could be further reduced given a more complex, nonlinear controller
instead of the PID controller. A nonlinear controller would be difficult to
implement properly but may yield more accurate results.
99
Chapter 7
Simulation Results
For the validation of the proposed algorithms and models, three simulation
phases were performed, as they were in the previously shown results. Each
phase was conducted twice; once with no turbulence applied and once with
turbulence applied. Phase I consists of a purely longitudinal, pitch maneu-
ver, while Phase II is a purely transverse, roll maneuver. The third phase is
a combined longitudinal/transverse maneuver. The accelerometer and rate
gyroscope biases were estimated during each phase and only the measure-
ment error of drift was left absent in these runs.
The figures presented in this section are with a 0.25 gee accelerometer bias
with noise variance of 0.00015gees2; rate gyroscope bias of 0.2deg/sec
with noise variance of 0.15(deg/sec)2 was used. Tables 7.1 through 7.18
show the errors from simulation runs with differing biases and drift effects.
In the previous work, [30], a complimentary filter was used to achieve a
more accurate estimate of attitude. For this work, however, the complimen-
tary filter was not used due to producing highly inaccurate results, due to
it’s reliance on the accelerometer readings and being very sensitive to small
errors in accelerometer measurements. Instead, the attitude estimates of the
individual accelerometers were simply averaged to obtain an estimate of at-
titude. This was done due to the realization that some of the accelerometers
had an attitude estimate which was too ”high” or too ”low” but averaging
them together produced highly accurate attitude estimates.
For all simulation results, both the Unscented Kalman filter and accelerom-
eter bias estimation algorithm were left ”on” as their results from not being
used was given previously. Because the two algorithms work together to
achieve an accurate estimate of attitude, errors in rate gyro bias estimation
and accelerometer bias estimation were seen but any error in rate gyro bias
was lessened through the accelerometer bias estimation algorithm and vice
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versa producing accurate, reliable results as shown in the following sec-
tions. The algorithms used for rate gyro bias estimation and accelerometer
bias estimation were derived previously in Sections 5 and 6, respectively.
The parameters used for the Unscented Kalman filter are found in Table 5.1
and the gains for the accelerometer bias estimation algorithm are found in
Table 6.2.
7.1 Phase I Maneuver - No Turbulence
The following plots compare the true attitude from the full nonlinear air-
craft model to the attitude estimate from the dual-arc array using rate gyros
and accelerometers. For this section, a Phase I, longitudinal maneuver was
performed with no turbulence. Figures 7.1 through 7.5 show the attitude
estimates and bias estimates while Tables 7.1 through 7.3 show the attitude
estimate errors for varying biases and drift slopes for both the rate gyro-
scopes and accelerometers.
(a) Pitch Estimation Error (b) Pitch Estimation
Figure 7.1: Pitch Estimation Results - Phase I No Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure 7.2: Pitch Bias Estimation Results - Phase I No Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure 7.3: Roll Estimation Results - Phase I No Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure 7.4: Roll Bias Estimation Results - Phase I No Turbulence
Figure 7.5: Rate Gyro Bias Estimation - Phase I No Turbulence
Figures 7.1 and 7.3 show that the attitude estimates for pitch and roll, respec-
tively, are within 0.17 degrees of the true attitudes which shows the accuracy
of the attitude estimation device and bias estimation algorithms. Figures 7.2
and 7.4 show that the bias estimates for both pitch and roll converge to the
true bias values. The error reduces to nearly zero for all accelerometer bias
estimates for both the pitch and roll arrays. This convergence shows that,
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indeed, the bias estimation algorithm(s) is/are correctly estimating the ac-
celerometer biases.
Phase I: Longitudinal Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.17003 0.08844 0.07862 0.07013
10 0.16456 0.08145 0.08211 0.07468
40 0.14710 0.05979 0.09361 0.08832
0.5
0 0.19091 0.10732 0.06812 0.06057
10 0.18892 0.10464 0.06935 0.06229
40 0.18192 0.09591 0.07304 0.06746
1
0 0.22342 0.13687 0.04922 0.04318
10 0.22403 0.13737 0.04934 0.04351
40 0.22486 0.13820 0.04969 0.04449
0.5
0.25
0 0.17003 0.08844 0.07861 0.07013
10 0.16456 0.08145 0.08211 0.07468
40 0.14710 0.05979 0.09361 0.08832
0.5
0 0.19091 0.10732 0.06812 0.06057
10 0.18892 0.10464 0.06935 0.06229
40 0.18192 0.09591 0.07304 0.06746
1
0 0.22342 0.13687 0.04922 0.04318
10 0.22403 0.13737 0.04933 0.04351
40 0.22486 0.13820 0.04969 0.04449
1
0.25
0 0.17003 0.08844 0.07861 0.07013
10 0.16455 0.08145 0.08211 0.07468
40 0.14710 0.05979 0.09361 0.08832
0.5
0 0.19091 0.10732 0.06812 0.06057
10 0.18892 0.10464 0.06935 0.06229
40 0.18191 0.09590 0.07304 0.06745
1
0 0.22342 0.13687 0.04922 0.04318
10 0.22403 0.13737 0.04933 0.04350
40 0.22486 0.13820 0.04969 0.04449
Table 7.1: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 0.2 deg/sec - Phase I No Turbulence
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Phase I: Longitudinal Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.17002 0.08842 0.07862 0.07013
10 0.16454 0.08143 0.08211 0.07468
40 0.14708 0.05977 0.09361 0.08832
0.5
0 0.19094 0.10735 0.06812 0.06058
10 0.18895 0.10467 0.06935 0.06230
40 0.18195 0.09593 0.07305 0.06746
1
0 0.22327 0.13673 0.04923 0.04319
10 0.22388 0.13723 0.04935 0.04352
40 0.22472 0.13806 0.04971 0.04450
0.5
0.25
0 0.17001 0.08842 0.07862 0.07013
10 0.16454 0.08143 0.08211 0.07468
40 0.14708 0.05977 0.09361 0.08832
0.5
0 0.19094 0.10735 0.06812 0.06058
10 0.18895 0.10467 0.06935 0.06230
40 0.18194 0.09593 0.07305 0.06746
1
0 0.22327 0.13673 0.04923 0.04319
10 0.22388 0.13723 0.04935 0.04352
40 0.22472 0.13806 0.04970 0.04450
1
0.25
0 0.17001 0.08842 0.07861 0.07013
10 0.16454 0.08143 0.08211 0.07468
40 0.14708 0.05977 0.09361 0.08832
0.5
0 0.19094 0.10735 0.06812 0.06058
10 0.18895 0.10467 0.06935 0.06230
40 0.18194 0.09593 0.07305 0.06746
1
0 0.22327 0.13673 0.04923 0.04319
10 0.22388 0.13723 0.04935 0.04352
40 0.22471 0.13806 0.04970 0.04450
Table 7.2: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 3 deg/sec - Phase I No Turbulence
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Phase I: Longitudinal Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.17003 0.08843 0.07861 0.07013
10 0.16455 0.08144 0.08211 0.07468
40 0.14710 0.05978 0.09361 0.08832
0.5
0 0.19096 0.10737 0.06812 0.06058
10 0.18896 0.10468 0.06935 0.06230
40 0.18196 0.09595 0.07305 0.06746
1
0 0.22331 0.13676 0.04925 0.04321
10 0.22392 0.13727 0.04937 0.04354
40 0.22475 0.13810 0.04972 0.04452
0.5
0.25
0 0.17003 0.08843 0.07861 0.07013
10 0.16455 0.08144 0.08210 0.07468
40 0.14710 0.05978 0.09361 0.08832
0.5
0 0.19096 0.10736 0.06812 0.06058
10 0.18896 0.10468 0.06935 0.06230
40 0.18196 0.09595 0.07305 0.06746
1
0 0.22331 0.13676 0.04925 0.04321
10 0.22392 0.13727 0.04937 0.04354
40 0.22475 0.13810 0.04972 0.04452
1
0.25
0 0.17003 0.08843 0.07861 0.07013
10 0.16455 0.08144 0.08210 0.07468
40 0.14709 0.05978 0.09361 0.08832
0.5
0 0.19096 0.10736 0.06812 0.06057
10 0.18896 0.10468 0.06935 0.06230
40 0.18196 0.09595 0.07305 0.06746
1
0 0.22331 0.13676 0.04925 0.04321
10 0.22392 0.13727 0.04937 0.04354
40 0.22475 0.13810 0.04972 0.04452
Table 7.3: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 7 deg/sec - Phase I No Turbulence
From the above tables, it can be seen that the higher the accelerometer bias,
the higher the estimation error, which is expected. Despite this, however,
the maximum absolute error for both the pitch and roll estimates remains
below 0.25deg and the average absolute error remains below 0.15deg for all
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cases. From the tables it can also be seen that rate gyroscope bias, rate gy-
roscope drift and accelerometer drift have very little effects on the accuracy
of the attitude estimates. This shows the robustness of the bias estimation
algorithms. While the higher accelerometer biases produce higher error in
attitude estimates, a accelerometer bias of 1gee is very high and biases of
that magnitude are not typically seen. The high bias was included in this
study to show the robustness of the algorithm(s).
7.2 Phase I Maneuver - Turbulence
The following plots compare the true attitude from the full nonlinear aircraft
model to the attitude estimate from the dual-arc array using rate gyros and
accelerometers. For this section, a Phase I, longitudinal maneuver was per-
formed with turbulence using the Dryden model from Section 4.2. Figures
7.6 through 7.10 show the attitude estimates and bias estimates while Tables
7.4 through 7.6 show the attitude estimate errors for varying biases and drift
slopes for both the rate gyroscopes and accelerometers.
(a) Pitch Estimation Error (b) Pitch Estimation
Figure 7.6: Pitch Estimation Results - Phase I with Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure 7.7: Pitch Bias Estimation Results - Phase I with Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure 7.8: Roll Estimation Results - Phase I with Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure 7.9: Roll Bias Estimation Results - Phase I with Turbulence
Figure 7.10: Rate Gyro Bias Estimation - Phase I with Turbulence
Figures 7.6 and 7.8 show that the attitude estimates for pitch and roll, respec-
tively, are within 0.4 degrees of the true attitudes which shows the accuracy
of the attitude estimation device and bias estimation algorithms. The roll
estimate, however, is more accurate than the pitch estimate in this case. Fig-
ures 7.7 and 7.9 show that the bias estimates for both pitch and roll converge
to the true bias values. For this case, with turbulence, the bias estimations
contain more error and noise due to the injection of severe turbulence to the
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system. Despite this, the error still reduces to nearly zero for all accelerome-
ter bias estimates for both the pitch and roll arrays. This convergence shows
that, indeed, the bias estimation algorithm(s) is/are correctly estimating the
accelerometer biases.
Phase I: Longitudinal Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.33882 0.17556 0.26620 0.07667
10 0.33220 0.17406 0.24469 0.06947
40 0.31201 0.16959 0.18668 0.07183
0.5
0 0.35199 0.18135 0.40314 0.20120
10 0.34975 0.18089 0.38429 0.18207
40 0.34272 0.17920 0.32813 0.12489
1
0 0.36006 0.18511 0.61706 0.41572
10 0.36107 0.18553 0.59780 0.39624
40 0.36380 0.18649 0.54041 0.33788
0.5
0.25
0 0.33882 0.17556 0.26620 0.07667
10 0.33220 0.17406 0.24469 0.06947
40 0.31201 0.16959 0.18668 0.07183
0.5
0 0.35199 0.18135 0.40314 0.20120
10 0.34974 0.18089 0.38429 0.18208
40 0.34272 0.17920 0.32813 0.12489
1
0 0.36006 0.18511 0.61706 0.41572
10 0.36107 0.18553 0.59780 0.39624
40 0.36380 0.18649 0.54041 0.33788
1
0.25
0 0.33882 0.17556 0.26620 0.07667
10 0.33220 0.17406 0.24469 0.06947
40 0.31201 0.16959 0.18668 0.07183
0.5
0 0.35199 0.18135 0.40314 0.20120
10 0.34974 0.18089 0.38429 0.18208
40 0.34272 0.17920 0.32813 0.12489
1
0 0.36006 0.18511 0.61706 0.41572
10 0.36107 0.18553 0.59780 0.39624
40 0.36380 0.18649 0.54041 0.33788
Table 7.4: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 0.2 deg/sec - Phase I with Turbulence
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Phase I: Longitudinal Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.33880 0.17555 0.26622 0.07668
10 0.33218 0.17405 0.24471 0.06948
40 0.31199 0.16958 0.18666 0.07183
0.5
0 0.35203 0.18137 0.40333 0.20139
10 0.34978 0.18090 0.38448 0.18226
40 0.34276 0.17922 0.32832 0.12508
1
0 0.35993 0.18505 0.61719 0.41585
10 0.36095 0.18547 0.59793 0.39637
40 0.36367 0.18643 0.54054 0.33801
0.5
0.25
0 0.33880 0.17555 0.26622 0.07668
10 0.33218 0.17405 0.24471 0.06948
40 0.31199 0.16958 0.18666 0.07183
0.5
0 0.35202 0.18137 0.40333 0.20139
10 0.34978 0.18090 0.38448 0.18226
40 0.34276 0.17922 0.32832 0.12508
1
0 0.35993 0.18505 0.61719 0.41585
10 0.36095 0.18547 0.59794 0.39637
40 0.36367 0.18643 0.54055 0.33801
1
0.25
0 0.33880 0.17555 0.26622 0.07668
10 0.33218 0.17405 0.24471 0.06948
40 0.31199 0.16958 0.18666 0.07183
0.5
0 0.35202 0.18137 0.40333 0.20139
10 0.34978 0.18090 0.38448 0.18226
40 0.34275 0.17922 0.32832 0.12508
1
0 0.35993 0.18505 0.61719 0.41585
10 0.36094 0.18547 0.59794 0.39638
40 0.36367 0.18643 0.54055 0.33801
Table 7.5: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 3 deg/sec - Phase I with Turbulence
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Phase I: Longitudinal Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.33881 0.17556 0.26615 0.07665
10 0.33219 0.17405 0.24463 0.06946
40 0.31200 0.16958 0.18674 0.07185
0.5
0 0.35204 0.18138 0.40320 0.20126
10 0.34979 0.18091 0.38435 0.18214
40 0.34277 0.17922 0.32819 0.12495
1
0 0.35998 0.18507 0.61710 0.41576
10 0.36099 0.18549 0.59784 0.39628
40 0.36372 0.18646 0.54045 0.33792
0.5
0.25
0 0.33881 0.17556 0.26615 0.07665
10 0.33219 0.17406 0.24463 0.06946
40 0.31200 0.16958 0.18674 0.07185
0.5
0 0.35204 0.18138 0.40320 0.20126
10 0.34979 0.18091 0.38435 0.18214
40 0.34277 0.17922 0.32819 0.12495
1
0 0.35998 0.18507 0.61710 0.41576
10 0.36099 0.18549 0.59784 0.39628
40 0.36372 0.18646 0.54045 0.33792
1
0.25
0 0.33881 0.17556 0.26615 0.07665
10 0.33219 0.17405 0.24463 0.06946
40 0.31200 0.16958 0.18674 0.07185
0.5
0 0.35204 0.18138 0.40320 0.20127
10 0.34979 0.18091 0.38435 0.18214
40 0.34277 0.17922 0.32819 0.12495
1
0 0.35998 0.18507 0.61710 0.41576
10 0.36099 0.18549 0.59784 0.39629
40 0.36372 0.18646 0.54046 0.33792
Table 7.6: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 7 deg/sec - Phase I with Turbulence
From the above tables, it can be seen that the higher the accelerometer bias,
the higher the estimation error for the roll estimation but for the pitch esti-
mate the maximum error is lower, however, the mean error is higher. The
mean error is more representative of the accuracy of the algorithms, how-
ever. The error for the roll estimate for nearly all cases is less than 0.35deg.
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The pitch mean absolute errors during this Phase I maneuver remain below
0.2deg for all cases which is desirable as this is a pure pitching maneuver
and a high degree of accuracy is needed. From the tables it can also be seen
that rate gyroscope bias and rate gyroscope drift have very little effect on the
accuracy of the attitude estimates. The accelerometer drift, however, effects
the roll attitude estimate greatly but allows for more accurate roll estimates.
The attitude estimation errors during turbulence are higher, as is expected,
due to further corruption of the signals.
7.3 Phase II Maneuver - No Turbulence
The following plots compare the true attitude from the full nonlinear air-
craft model to the attitude estimate from the dual-arc array using rate gyros
and accelerometers. For this section, a Phase II, transverse maneuver was
performed with no turbulence. Figures 7.11 through 7.15 show the attitude
estimates and bias estimates while Tables 7.7 through 7.9 show the attitude
estimate errors for varying biases and drift slopes for both the rate gyro-
scopes and accelerometers.
(a) Pitch Estimation Error (b) Pitch Estimation
Figure 7.11: Pitch Estimation Results - Phase II No Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure 7.12: Pitch Bias Estimation Results - Phase II No Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure 7.13: Roll Estimation Results - Phase II No Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure 7.14: Roll Bias Estimation Results - Phase II No Turbulence
Figure 7.15: Rate Gyro Bias Estimation - Phase II No Turbulence
Figures 7.11 and 7.13 show that the attitude estimates for pitch and roll,
respectively, are within 0.3 degrees of the true attitudes which shows the
accuracy of the attitude estimation device and bias estimation algorithms.
Figures 7.12 and 7.14 show that the bias estimates for both pitch and roll
converge to the true bias values. The error reduces to nearly zero for all
accelerometer bias estimates for both the pitch and roll arrays. This conver-
gence shows that, indeed, the bias estimation algorithm(s) is/are correctly
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estimating the accelerometer biases.
Phase II: Transverse Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.09827 0.06865 0.13028 0.02430
10 0.10211 0.07372 0.13081 0.02494
40 0.11356 0.08922 0.13401 0.02703
0.5
0 0.11477 0.08511 0.12325 0.02150
10 0.11719 0.08842 0.12345 0.02159
40 0.12440 0.09830 0.12572 0.02201
1
0 0.14851 0.11894 0.10270 0.03412
10 0.15098 0.12229 0.10289 0.03467
40 0.15836 0.13232 0.10512 0.03657
0.5
0.25
0 0.09827 0.06865 0.13028 0.02430
10 0.10211 0.07372 0.13081 0.02494
40 0.11355 0.08922 0.13401 0.02703
0.5
0 0.11477 0.08511 0.12325 0.02150
10 0.11719 0.08842 0.12345 0.02159
40 0.12440 0.09830 0.12572 0.02201
1
0 0.14851 0.11894 0.10270 0.03412
10 0.15098 0.12229 0.10289 0.03467
40 0.15836 0.13232 0.10512 0.03657
1
0.25
0 0.09827 0.06865 0.13028 0.02430
10 0.10211 0.07372 0.13081 0.02494
40 0.11355 0.08922 0.13401 0.02703
0.5
0 0.11477 0.08511 0.12324 0.02150
10 0.11719 0.08842 0.12345 0.02159
40 0.12440 0.09830 0.12572 0.02201
1
0 0.14851 0.11894 0.10270 0.03412
10 0.15098 0.12229 0.10289 0.03467
40 0.15836 0.13232 0.10512 0.03657
Table 7.7: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 0.2 deg/sec - Phase II No Turbulence
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Phase II: Transverse Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.09826 0.06864 0.13028 0.02430
10 0.10209 0.07371 0.13081 0.02494
40 0.11354 0.08921 0.13401 0.02703
0.5
0 0.11480 0.08513 0.12325 0.02150
10 0.11722 0.08844 0.12346 0.02159
40 0.12442 0.09832 0.12572 0.02201
1
0 0.14840 0.11882 0.10271 0.03411
10 0.15087 0.12218 0.10290 0.03466
40 0.15825 0.13220 0.10513 0.03656
0.5
0.25
0 0.09826 0.06863 0.13028 0.02430
10 0.10209 0.07371 0.13081 0.02494
40 0.11354 0.08920 0.13401 0.02703
0.5
0 0.11480 0.08513 0.12325 0.02150
10 0.11721 0.08844 0.12346 0.02159
40 0.12442 0.09832 0.12572 0.02201
1
0 0.14840 0.11882 0.10271 0.03411
10 0.15087 0.12218 0.10290 0.03466
40 0.15825 0.13220 0.10513 0.03656
1
0.25
0 0.09826 0.06863 0.13028 0.02430
10 0.10209 0.07371 0.13081 0.02494
40 0.11354 0.08920 0.13401 0.02703
0.5
0 0.11480 0.08513 0.12325 0.02150
10 0.11721 0.08844 0.12346 0.02159
40 0.12442 0.09832 0.12572 0.02201
1
0 0.14840 0.11882 0.10271 0.03411
10 0.15087 0.12218 0.10290 0.03466
40 0.15825 0.13220 0.10513 0.03656
Table 7.8: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 3 deg/sec - Phase II No Turbulence
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Phase II: Transverse Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.09827 0.06864 0.13028 0.02430
10 0.10210 0.07372 0.13081 0.02494
40 0.11355 0.08922 0.13401 0.02703
0.5
0 0.11481 0.08515 0.12325 0.02150
10 0.11723 0.08845 0.12346 0.02159
40 0.12443 0.09833 0.12572 0.02201
1
0 0.14843 0.11885 0.10272 0.03410
10 0.15090 0.12221 0.10292 0.03465
40 0.15828 0.13223 0.10514 0.03655
0.5
0.25
0 0.09827 0.06864 0.13028 0.02430
10 0.10210 0.07372 0.13081 0.02494
40 0.11355 0.08921 0.13401 0.02703
0.5
0 0.11481 0.08515 0.12325 0.02150
10 0.11723 0.08845 0.12346 0.02159
40 0.12443 0.09833 0.12572 0.02201
1
0 0.14843 0.11885 0.10272 0.03410
10 0.15090 0.12221 0.10292 0.03465
40 0.15828 0.13223 0.10514 0.03655
1
0.25
0 0.09827 0.06864 0.13028 0.02430
10 0.10210 0.07372 0.13080 0.02494
40 0.11355 0.08921 0.13401 0.02703
0.5
0 0.11481 0.08514 0.12325 0.02150
10 0.11723 0.08845 0.12346 0.02159
40 0.12443 0.09833 0.12572 0.02201
1
0 0.14843 0.11885 0.10272 0.03410
10 0.15090 0.12221 0.10291 0.03465
40 0.15827 0.13223 0.10514 0.03655
Table 7.9: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift Slopes
with Rate Gyro Bias of 7 deg/sec - Phase II No Turbulence
From the above tables, it can be seen that the higher the accelerometer bias,
the higher the estimation error, which is expected. Despite this, however, the
maximum absolute error for both the pitch and roll estimates remains below
0.16deg and the average absolute error remains below 0.15deg for all cases.
From the tables it can also be seen that rate gyroscope bias, rate gyroscope
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drift and accelerometer drift have very little effect on the accuracy of the
attitude estimates during this maneuver. This shows the robustness of the
bias estimation algorithms. While the higher accelerometer biases produce
higher error in attitude estimates, an accelerometer bias of 1gee is very high
and biases of that magnitude are not typically seen. The high bias was
included in this study to show the robustness of the algorithm(s). The results
from this maneuver mirror the results from the Phase I maneuver.
7.4 Phase II Maneuver - Turbulence
The following plots compare the true attitude from the full nonlinear aircraft
model to the attitude estimate from the dual-arc array using rate gyros and
accelerometers. For this section, a Phase II, transverse maneuver was per-
formed with turbulence using the Dryden model from Section 4.2. Figures
7.26 through 7.30 show the attitude estimates and bias estimates while Ta-
bles 7.10 through 7.12 show the attitude estimate errors for varying biases
and drift slopes for both the rate gyroscopes and accelerometers.
(a) Pitch Estimation Error (b) Pitch Estimation
Figure 7.16: Pitch Estimation Results - Phase II with Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure 7.17: Pitch Bias Estimation Results - Phase II with Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure 7.18: Roll Estimation Results - Phase II with Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure 7.19: Roll Bias Estimation Results - Phase II with Turbulence
Figure 7.20: Rate Gyro Bias Estimation - Phase II with Turbulence
Figures 7.16 and 7.18 show that the attitude estimates for pitch and roll, re-
spectively, are within 0.5 degrees of the true attitudes. The attitude estimates
are less accurate than the previous case (Phase II maneuver with no turbu-
lence) due to the severe turbulence present making it difficult to estimate
parameters. The attitude estimates, however, are still accurate to within 0.5
degrees as evidenced by the aforementioned figures. Figures 7.17 and 7.19
show that the bias estimates for both pitch and roll converge to the true bias
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values. For this case, with turbulence, the bias estimations contain more er-
ror and noise due to the injection of severe turbulence to the system. Despite
this, the error still reduces to nearly zero for all accelerometer bias estimates
for both the pitch and roll arrays but contain higher error than the same ma-
neuver with no turbulence. This convergence shows that, indeed, the bias
estimation algorithm(s) is/are correctly estimating the accelerometer biases.
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Phase II: Transverse Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.54854 0.20020 0.34280 0.14526
10 0.55846 0.20173 0.33180 0.13765
40 0.58821 0.20692 0.29914 0.11513
0.5
0 0.55893 0.20353 0.50523 0.28433
10 0.56514 0.20456 0.49360 0.27403
40 0.58374 0.20785 0.45901 0.24271
1
0 0.56703 0.20706 0.76112 0.53132
10 0.57266 0.20803 0.74751 0.51896
40 0.58954 0.21117 0.70699 0.48144
0.5
0.25
0 0.54854 0.20020 0.34280 0.14526
10 0.55846 0.20173 0.33180 0.13765
40 0.58821 0.20692 0.29914 0.11513
0.5
0 0.55893 0.20353 0.50524 0.28433
10 0.56514 0.20456 0.49360 0.27403
40 0.58374 0.20785 0.45901 0.24271
1
0 0.56702 0.20706 0.76112 0.53132
10 0.57266 0.20803 0.74751 0.51896
40 0.58954 0.21117 0.70699 0.48145
1
0.25
0 0.54854 0.20020 0.34280 0.14526
10 0.55846 0.20173 0.33180 0.13765
40 0.58821 0.20692 0.29914 0.11513
0.5
0 0.55893 0.20353 0.50524 0.28433
10 0.56514 0.20456 0.49360 0.27403
40 0.58373 0.20785 0.45901 0.24271
1
0 0.56702 0.20706 0.76112 0.53132
10 0.57266 0.20803 0.74751 0.51896
40 0.58953 0.21117 0.70699 0.48145
Table 7.10: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 0.2 deg/sec - Phase II with Turbulence
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Phase II: Transverse Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.54852 0.20019 0.34282 0.14527
10 0.55844 0.20173 0.33182 0.13766
40 0.58820 0.20691 0.29915 0.11514
0.5
0 0.55896 0.20354 0.50539 0.28448
10 0.56517 0.20457 0.49376 0.27419
40 0.58376 0.20786 0.45917 0.24286
1
0 0.56691 0.20703 0.76123 0.53143
10 0.57254 0.20800 0.74762 0.51907
40 0.58942 0.21114 0.70710 0.48155
0.5
0.25
0 0.54852 0.20019 0.34282 0.14527
10 0.55844 0.20173 0.33182 0.13766
40 0.58819 0.20691 0.29916 0.11514
0.5
0 0.55896 0.20354 0.50539 0.28448
10 0.56517 0.20457 0.49376 0.27419
40 0.58376 0.20786 0.45917 0.24286
1
0 0.56691 0.20703 0.76123 0.53143
10 0.57254 0.20800 0.74762 0.51907
40 0.58942 0.21114 0.70710 0.48155
1
0.25
0 0.54852 0.20019 0.34282 0.14527
10 0.55844 0.20173 0.33182 0.13766
40 0.58819 0.20691 0.29916 0.11514
0.5
0 0.55896 0.20354 0.50540 0.28449
10 0.56517 0.20457 0.49376 0.27419
40 0.58376 0.20786 0.45917 0.24287
1
0 0.56691 0.20703 0.76123 0.53143
10 0.57254 0.20800 0.74762 0.51907
40 0.58942 0.21114 0.70710 0.48155
Table 7.11: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 3 deg/sec - Phase II with Turbulence
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Phase II: Transverse Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.54853 0.20020 0.34275 0.14523
10 0.55846 0.20173 0.33175 0.13762
40 0.58821 0.20692 0.29909 0.11511
0.5
0 0.55898 0.20354 0.50529 0.28438
10 0.56518 0.20457 0.49365 0.27408
40 0.58378 0.20787 0.45906 0.24276
1
0 0.56695 0.20704 0.76115 0.53135
10 0.57259 0.20802 0.74754 0.51900
40 0.58946 0.21115 0.70702 0.48148
0.5
0.25
0 0.54853 0.20020 0.34275 0.14523
10 0.55846 0.20173 0.33176 0.13762
40 0.58821 0.20692 0.29909 0.11511
0.5
0 0.55898 0.20354 0.50529 0.28438
10 0.56518 0.20457 0.49365 0.27408
40 0.58378 0.20787 0.45906 0.24276
1
0 0.56695 0.20704 0.76116 0.53136
10 0.57259 0.20802 0.74754 0.51900
40 0.58946 0.21115 0.70703 0.48148
1
0.25
0 0.54853 0.20020 0.34275 0.14523
10 0.55846 0.20173 0.33176 0.13762
40 0.58821 0.20692 0.29909 0.11511
0.5
0 0.55897 0.20354 0.50529 0.28438
10 0.56518 0.20457 0.49365 0.27408
40 0.58378 0.20787 0.45906 0.24276
1
0 0.56695 0.20704 0.76116 0.53136
10 0.57258 0.20802 0.74754 0.51900
40 0.58946 0.21115 0.70703 0.48148
Table 7.12: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 7 deg/sec - Phase II with Turbulence
From the above tables, it can be seen that the higher the accelerometer bias,
the higher the estimation error for the pitch roll estimations. The roll error
for higher accelerometer biases becomes relatively inaccurate during this
maneuver with mean errors as high as 0.53deg. While this is undesirable,
accelerometer biases as high as 1gee are rarely, if ever, seen. Although large
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estimation errors are present at instances during the pure roll maneuver,
the percent error between the attitude estimate and the true value remains
below 5% error. From the tables it can also be seen that rate gyroscope
bias and rate gyroscope drift have very little effects on the accuracy of the
attitude estimates. The accelerometer drift, however, effects the roll attitude
estimate but allows for more accurate roll estimates. The attitude estimation
errors during turbulence are higher, as is expected, due to further corruption
of the signals.
7.5 Phase III Maneuver - No Turbulence
The following plots compare the true attitude from the full nonlinear aircraft
model to the attitude estimate from the dual-arc array using rate gyros and
accelerometers. For this section, a Phase III, longitudinal/transverse maneu-
ver was performed with no turbulence. Figures 7.21 through 7.25 show the
attitude estimates and bias estimates while Tables 7.13 through 7.15 show
the attitude estimate errors for varying biases and drift slopes for both the
rate gyroscopes and accelerometers.
(a) Pitch Estimation Error (b) Pitch Estimation
Figure 7.21: Pitch Estimation Results - Phase III No Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure 7.22: Pitch Bias Estimation Results - Phase III No Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure 7.23: Roll Estimation Results - Phase III No Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure 7.24: Roll Bias Estimation Results - Phase III No Turbulence
Figure 7.25: Rate Gyro Bias Estimation - Phase III No Turbulence
Figures 7.21 and 7.23 show that the attitude estimates for pitch and roll,
respectively, are within 0.25 degrees of the true attitudes which shows the
accuracy of the attitude estimation device and bias estimation algorithms.
Both of the estimate errors are comparable due to the maneuver being of
both pitch and roll. Because of this, both axes are sufficiently excited to
allow for accurate parameter estimation. Figures 7.22 and 7.24 show that
the bias estimates for both pitch and roll converge to the true bias values.
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The error reduces to nearly zero for all accelerometer bias estimates for
both the pitch and roll arrays. This convergence shows that, indeed, the bias
estimation algorithm(s) is/are correctly estimating the accelerometer biases.
Phase III: Longitudinal/Transverse Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.25351 0.09952 0.16015 0.03110
10 0.24930 0.09410 0.16045 0.03142
40 0.23573 0.07720 0.16264 0.03269
0.5
0 0.27361 0.11808 0.15049 0.02842
10 0.27218 0.11617 0.15039 0.02843
40 0.26695 0.10980 0.15140 0.02873
1
0 0.30671 0.14865 0.12651 0.03890
10 0.30752 0.14953 0.12625 0.03944
40 0.30905 0.15155 0.12676 0.04132
0.5
0.25
0 0.25351 0.09952 0.16015 0.03109
10 0.24929 0.09410 0.16045 0.03142
40 0.23573 0.07720 0.16264 0.03269
0.5
0 0.27361 0.11808 0.15049 0.02842
10 0.27218 0.11617 0.15039 0.02843
40 0.26695 0.10980 0.15140 0.02873
1
0 0.30671 0.14865 0.12651 0.03890
10 0.30752 0.14953 0.12625 0.03944
40 0.30904 0.15155 0.12676 0.04132
1
0.25
0 0.25350 0.09952 0.16015 0.03109
10 0.24929 0.09410 0.16045 0.03142
40 0.23573 0.07720 0.16264 0.03269
0.5
0 0.27360 0.11807 0.15049 0.02842
10 0.27217 0.11617 0.15039 0.02843
40 0.26695 0.10980 0.15140 0.02873
1
0 0.30671 0.14865 0.12651 0.03890
10 0.30752 0.14953 0.12625 0.03944
40 0.30904 0.15155 0.12676 0.04132
Table 7.13: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 0.2 deg/sec - Phase III No Turbulence
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Phase III: Longitudinal/Transverse Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.25349 0.09951 0.16015 0.03110
10 0.24928 0.09409 0.16045 0.03142
40 0.23571 0.07719 0.16264 0.03269
0.5
0 0.27363 0.11810 0.15049 0.02842
10 0.27220 0.11619 0.15040 0.02843
40 0.26698 0.10982 0.15141 0.02873
1
0 0.30656 0.14852 0.12653 0.03889
10 0.30738 0.14940 0.12627 0.03943
40 0.30890 0.15142 0.12678 0.04131
0.5
0.25
0 0.25349 0.09951 0.16015 0.03110
10 0.24928 0.09409 0.16045 0.03142
40 0.23571 0.07719 0.16264 0.03269
0.5
0 0.27363 0.11810 0.15049 0.02842
10 0.27220 0.11619 0.15040 0.02843
40 0.26698 0.10982 0.15141 0.02873
1
0 0.30656 0.14852 0.12653 0.03889
10 0.30738 0.14940 0.12627 0.03943
40 0.30890 0.15142 0.12678 0.04131
1
0.25
0 0.25349 0.09950 0.16015 0.03109
10 0.24928 0.09409 0.16045 0.03142
40 0.23571 0.07718 0.16264 0.03269
0.5
0 0.27363 0.11810 0.15049 0.02842
10 0.27220 0.11619 0.15040 0.02843
40 0.26698 0.10982 0.15141 0.02873
1
0 0.30656 0.14852 0.12653 0.03889
10 0.30738 0.14940 0.12627 0.03943
40 0.30890 0.15142 0.12678 0.04131
Table 7.14: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 3 deg/sec - Phase III No Turbulence
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Phase III: Longitudinal/Transverse Maneuver No Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.25350 0.09952 0.16015 0.03109
10 0.24929 0.09410 0.16045 0.03142
40 0.23572 0.07720 0.16264 0.03269
0.5
0 0.27365 0.11812 0.15049 0.02842
10 0.27222 0.11621 0.15040 0.02843
40 0.26700 0.10984 0.15141 0.02873
1
0 0.30660 0.14855 0.12654 0.03888
10 0.30742 0.14943 0.12628 0.03942
40 0.30894 0.15145 0.12679 0.04130
0.5
0.25
0 0.25350 0.09952 0.16015 0.03109
10 0.24929 0.09410 0.16045 0.03142
40 0.23572 0.07720 0.16264 0.03269
0.5
0 0.27365 0.11812 0.15049 0.02842
10 0.27222 0.11621 0.15040 0.02843
40 0.26700 0.10984 0.15141 0.02873
1
0 0.30660 0.14855 0.12654 0.03888
10 0.30741 0.14943 0.12628 0.03942
40 0.30894 0.15145 0.12679 0.04130
1
0.25
0 0.25350 0.09952 0.16015 0.03109
10 0.24929 0.09410 0.16045 0.03141
40 0.23572 0.07720 0.16264 0.03269
0.5
0 0.27365 0.11811 0.15049 0.02842
10 0.27222 0.11621 0.15040 0.02843
40 0.26700 0.10984 0.15141 0.02873
1
0 0.30660 0.14855 0.12654 0.03888
10 0.30741 0.14943 0.12628 0.03942
40 0.30894 0.15145 0.12679 0.04130
Table 7.15: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 7 deg/sec - Phase III No Turbulence
From the above tables, it can be seen that the higher the accelerometer bias,
the higher the estimation error, which is expected. Despite this, however,
the maximum absolute error for both the pitch and roll estimates remains
below 0.31deg and the average absolute error remains below 0.16deg for
all cases. The roll errors for this maneuver remain more accurate than the
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pitch estimates. From the tables it can also be seen that rate gyroscope bias,
rate gyroscope drift and accelerometer drift have very little effects on the
accuracy of the attitude estimates during this maneuver. This shows the ro-
bustness of the bias estimation algorithms. While the higher accelerometer
biases produce higher error in attitude estimates, an accelerometer bias of
1gee is very high and biases of that magnitude are not typically seen. The
high bias was included in this study to show the robustness of the algo-
rithm(s). The results from this maneuver mirror the results from the Phase I
and Phase II maneuvers.
7.6 Phase III Maneuver - Turbulence
The following plots compare the true attitude from the full nonlinear aircraft
model to the attitude estimate from the dual-arc array using rate gyros and
accelerometers. For this section, a Phase III, longitudinal/transverse maneu-
ver was performed with turbulence using the Dryden model from Section
4.2. Figures 7.26 through 7.30 show the attitude estimates and bias esti-
mates while Tables 7.16 through 7.18 show the attitude estimate errors for
varying biases and drift slopes for both the rate gyroscopes and accelerom-
eters.
(a) Pitch Estimation Error (b) Pitch Estimation
Figure 7.26: Pitch Estimation Results - Phase III with Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure 7.27: Pitch Bias Estimation Results - Phase III with Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure 7.28: Roll Estimation Results - Phase III with Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure 7.29: Roll Bias Estimation Results - Phase III with Turbulence
Figure 7.30: Rate Gyro Bias Estimation - Phase III with Turbulence
Figures 7.26 and 7.28 show that the attitude estimates for pitch and roll,
respectively, are within 0.3 degrees of the true attitudes, aside from a small
spike in the pitch estimate error, which shows the accuracy of the attitude
estimation device and bias estimation algorithms. The attitude estimates in
this case with turbulence are more accurate than in the previous phases due
to the excitation of both axes allowing for accurate parameter estimation
and, thus, accurate attitude estimates. Figures 7.27 and 7.29 show that the
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bias estimates for both pitch and roll converge to the true bias values. For
this case, with turbulence, the bias estimations contain more error and noise
due to the injection of severe turbulence to the system. Despite this, the
error still reduces to nearly zero for all accelerometer bias estimates for
both the pitch and roll arrays. This convergence shows that, indeed, the bias
estimation algorithm(s) is/are correctly estimating the accelerometer biases.
This case, above the other cases, shows the high degree of accuracy of the
algorithms developed within this work.
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Phase III: Longitudinal/Transverse Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23828
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
0.5
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23828
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
1
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23819 0.12293
40 0.44631 0.10542 0.17268 0.08166
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23829
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
Table 7.16: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 0.2 deg/sec - Phase III with Turbulence
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Phase III: Longitudinal/Transverse Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08166
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23829
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
0.5
0.25
0 0.43978 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23829
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
1
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23829
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
Table 7.17: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 3 deg/sec - Phase III with Turbulence
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Phase III: Longitudinal/Transverse Maneuver with Turbulence
Rate Gyro
Accel.
Accel. θ Max θ Mean φ Max φ Mean
Drift Slope Drift Slope Absolute Absolute Absolute Absolute
(deg/sec/hr) Bias (gees) (gees/hr) Error (deg) Error (deg) Error (deg) Error (deg)
0
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23828
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
0.5
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23829
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
1
0.25
0 0.43979 0.10638 0.26018 0.13774
10 0.44127 0.10608 0.23818 0.12293
40 0.44631 0.10542 0.17267 0.08165
0.5
0 0.42998 0.10744 0.39055 0.25594
10 0.43091 0.10717 0.36821 0.23829
40 0.43429 0.10642 0.30168 0.18564
1
0 0.37771 0.12346 0.59381 0.44229
10 0.37794 0.12322 0.56994 0.42337
40 0.37952 0.12190 0.49968 0.36676
Table 7.18: Sensitivity of Bias Estimation Algorithms to Changes in Biases and Drift
Slopes with Rate Gyro Bias of 7 deg/sec - Phase III with Turbulence
From the above tables, it can be seen that the higher the accelerometer bias,
the higher the estimation error, which is expected. The maximum errors
for both pitch and roll are relatively high but remain below 0.6deg for all
cases. The mean absolute error for pitch is very accurate remaining at be-
low 0.13deg for all instances. The mean absolute error for roll, however, is
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higher in nearly all cases. For accelerometer biases of 0.25gees and 0.5gees
the mean error remains below 0.26deg but becomes twice as high at twice
the bias with a mean absolute error of 0.45deg. As was the case in the Phase
II maneuver, despite this higher mean absolute error the percent difference
between the estimated roll and the true roll remains less than 5%. The accu-
racy of the roll estimate for this Phase III longitudinal/transverse maneuver
is higher than that of the pure roll, transverse maneuver. The attitude es-
timation errors during turbulence are higher, as is expected, due to further
corruption of the signals.
7.7 Summary
As discussed in this section, the attitude estimation absolute errors remain
within 0.7 degrees for all Phases both with and without turbulence present.
The pitch estimation errors, in general, are lower than the roll estimation
errors which may be due to the reliance of the pitch estimate on data from
the pitch array as seen in the attitude equations (equations (3.3) and (3.4)).
Because the roll estimate relies on information from the pitch array, the
errors present in the pitch array are transferred to the roll array and are com-
pounded with the errors from the transverse array.
This section also verifies the fact that attitude estimation is more accurate
when no turbulence is present. The mean absolute errors for all three ma-
neuvers with no turbulence are all less than 0.1deg for all cases but can be
as high as 0.57deg when turbulence is present and a large accelerometer
bias is seen. However, despite these few cases when larger error is seen in
the attitude estimates, the algorithms still function as expected and produce
attitude estimates that are within 5%, and in many cases within 1%, which
is desirable.
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Chapter 8
Conclusion and Future Work
8.1 Conclusion
In this work, the ability of an innovative, low-cost, two-dimensional ac-
celerometer array, with rate gyroscope, to estimate rate gyroscope biases
and accelerometer biases for an accurate and reliable attitude estimate was
assessed and verified. The algorithms and methods derived and imple-
mented in this study were applied to a device developed in a previous study.
However, this work considered more real-world effects and improved on the
accuracy of the attitude estimates. The development of this device provides
various benefits over traditional Inertial Navigation Systems (INS). Typical
INS systems rely on GPS and inclinometers as well as magnetometers to
obtain an accurate and reliable attitude estimate. These sensors are highly
susceptible to environmental effects. The dual-arc accelerometer array pre-
sented in this paper is more independent of these conditions as well as being
lighter and cheaper than typical INS systems.
The developed algorithms and methods in this study expanded upon previ-
ous research conducted by applying a more accurate method, the Unscented
Kalman filter, for the estimation of rate gyroscope biases, considering ac-
celerometer biases, noise and drift effects and applying a method for the
estimation of the aforementioned accelerometer measurement errors. The
feasibility of these algorithms was accomplished using a fully nonlinear
model of an aircraft during three different maneuvers both with and without
a high degree of turbulence present. The largest errors seen in this study
were during Phase II, transverse, and Phase III, longitudinal/transverse, ma-
neuvers for the roll estimation. The maximum errors experienced here were
±0.6deg while the mean errors were ±0.45deg. The pitch estimates, how-
ever, remained below a maximum error of±0.55deg and below a mean error
of±0.25deg. The roll estimate is less accurate as it depends on information
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from the pitch array to obtain its attitude estimate. This information has er-
ror present and thus creates more error when carried through the roll array.
These high errors were only seen when very high accelerometer biases were
present on all accelerometers at 1gees. This high bias is rare for sensors and,
in real-world applications, the attitude estimates will be more accurate. For
all cases, it was also shown that drift effects of both the rate gyroscope and
the accelerometers have little to no effect on the accuracy of the attitude
estimates and have error changes of less than 5%. This low change in ac-
curacy shows that the algorithms and overall method developed is, in fact,
highly robust. The method developed was made to allow for the system to
be used for a variety of applications, not just aircraft. The end result of this
work is the development and successful implementation of an accelerom-
eter bias, drift and noise estimation algorithm coupled with an Unscented
Kalman attitude filter for the estimation of rate gyroscope errors to provide
an accurate and reliable estimate of attitude.
8.2 Future Work
This work focused on the Unscented Kalman filter for attitude estimation
and an accelerometer bias estimation algorithm using PID controllers as
applied to the previously developed dual-arc accelerometer array and non-
linear aircraft model. This study was entirely focused on simulation and no
hardware was used in this study. A real-world test platform capable of im-
posing rotational and translational maneuvers, as seen in this work, is nec-
essary for completely validating the method developed. The test platform
would give a more complete analysis and verification of the method(s).
The Unscented Kalman filter is only one of many filters that can be used
for attitude estimation. Other filters, such as an α − β, filter should be
looked at to possibly provide a more accurate estimation of rate gyroscope
errors. The accelerometer bias estimation algorithm also has a great deal
of improvement possible. The estimation of the additive bias terms can be
improved through additional equations. Also, the PID controllers used to
estimate the accelerometer measurement errors can be changed to another
controller, perhaps a nonlinear controller, such as a sliding mode controller
or adaptive controller. These controllers are far more difficult to implement
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and would, thus, take more research and time to develop correctly.
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Appendix A
Accelerometer Array Supplement
A.1 Longitudinal Array Accelerometer Offsets
Accelerometer Offset from Accelerometer # 7 - Degrees(Radians)
1 -90(-1.5708)
2 -75(-1.3090)
3 -60(-1.0472)
4 -45(-0.78540)
5 -30(-0.52360)
6 -15(-0.26180)
7 0(-1.5708)
8 15(0.26180)
9 30(0.52360)
10 45(0.78540)
11 60(1.0472)
12 75(1.3090)
13 90(-1.5708)
Table A.1: Longitudinal Accelerometer Array Offsets [30]
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A.2 Transverse Array Accelerometer Offsets
Accelerometer Offset from Accelerometer # 1 - Degrees(Radians)
1 0(0)
2 15(0.26180)
3 30(0.52360)
4 45(0.78540)
5 60(1.0472)
6 75(1.3090)
7 90(1.5708)
8 105(1.8326)
9 120(2.0944)
10 135(2.3562)
11 150(2.6180)
12 165(2.8798)
13 180(3.1416)
Table A.2: Transverse Accelerometer Array Offsets [30]
A.3 Simulated Acceleration Measurements
The following are accelerometer measurements along the longitudinal array,
gAz,i and accelerometer measurements along the transverse array, gAy,i.
The following measurements are for zero rate gyro and accelerometer bi-
ases with no drift effects. The noise variance for the rate gyroscopes was set
to 0.15(deg/sec)2 and the noise variance for the accelerometers was set to
0.00015gees2. The accelerometer measurements depicted here are the mis-
aligned readings that are used in the imposed loading calculations as well as
the measurements used for the determination of accelerometer biases.
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(a) Pitch Array (b) Roll Array
Figure A.1: Accelerometer Array Misaligned Measurements - Phase I No Turbulence
(a) Pitch Array (b) Roll Array
Figure A.2: Accelerometer Array Misaligned Measurements - Phase I with Turbulence
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(a) Pitch Array (b) Roll Array
Figure A.3: Accelerometer Array Misaligned Measurements - Phase II No Turbulence
(a) Pitch Array (b) Roll Array
Figure A.4: Accelerometer Array Misaligned Measurements - Phase II with Turbulence
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(a) Pitch Array (b) Roll Array
Figure A.5: Accelerometer Array Misaligned Measurements - Phase III No Turbulence
(a) Pitch Array (b) Roll Array
Figure A.6: Accelerometer Array Misaligned Measurements - Phase III with Turbulence
A.4 Two-Dimensional Accelerometer Array Simulink Mod-
els
The figures presented here display the two-dimensional accelerometer array
models as they were designed and implemented in Simulink.
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Figure A.7: Longitudinal Array Measurement Model
153
Figure A.8: Transverse Array Measurement Model
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Appendix B
Nonlinear Aircraft Simulation Model
This Appendix gives the modeling equations and coefficients necessary for
the Simulation model developed in [30], which is used to validate the algo-
rithms and methods discussed in this work.
B.1 Aircraft Modeling Equations and Coefficients [27]
The following sets of equations are necessary for the nonlinear, simulated
aircraft model used in this work. The derivation of the equations, with the
exception of the force equations, were given in Sections 2.1 and 2.2.
B.1.1 Force Equations
The force equations derived previously were for the body axis system while
the force equations given here are for the stability axis system.
α˙ = q − (p cosα + r sinα) tan β − LOMVT cosβ
+ gVT cosβ (cos θ cosφ cosα + sin θ sinα)
(B.1)
β˙ = p sinα− r cosα + 1VT (Y OM cos β +DOM sin β)
+ gVT (cos θ sinφ cos β + sin θ sin β cosα− cos θ cosφ sin β sinα)
(B.2)
V˙T = Y OM sin β −DOM cos β
+g
[
(cos θ cosφ sinα− sin θ cosα) cos β + cos θ sinφ sin β]
(B.3)
where:
DOM = D−T cosαm , Y OM =
Y
m , LOM =
L+T sinα
m (B.4)
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B.1.2 Moment Equations
The moment equations were derived previously and given in Equation (2.23):
 p˙Ixx − q˙Ixy − r˙Ixz−p˙Ixy + q˙Iyy − r˙Iyz
−p˙Ixz − q˙Iyz + r˙Izz
 =
qr(Iyy − Izz) + (q2 − r2)Ixy − prIxy + pqIxzpr(Izz − Ixx) + (r2 − p2)Ixz − pqIyz + qrIxy
pq(Ixx − Iyy) + (p2 − q2)Ixy − qrIxz + prIyz

(B.5)
B.1.3 Kinematic Equations (Euler Model)
The kinematic equations, for the Euler Model, were derived previously and
given in Equation (2.31):φ˙θ˙
ψ˙
 =
1 sφ tan θ cφ tan θ0 cφ −sφ
0 sφ sec θ cφ sec θ
pq
r
 (B.6)
B.1.4 Kinematic Equations (Quaternion Model)
The kinematic equations for the quaternion model were derived previously
and given in Equation (2.54):
q˙0
q˙1
q˙2
q˙3
 = 12

0 −p −q −r
p 0 r −q
q −r 0 p
r q −p 0


q0
q1
q2
q3
 (B.7)
B.2 Aerodynamic Coefficients
B.2.1 Force Coefficients
CL = CL0 + CLαα +
c¯
2VT
(
CLqq + CLα˙α˙
)
+ CLδeδe + CLδf δf (B.8)
CD = CD0 + CDαα +
c¯
2VT
(
CDqq + CDα˙α˙
)
+ CDδeδe + CDδf δf (B.9)
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CY = CY0 + CYββ +
b
2VT
(
CYpp+ CYrr
)
+ CYδaδa + CYδrδr (B.10)
B.2.2 Moment Coefficients
Cl = Cl0 + Clββ +
b
2VT
(
Clpp+ Clrr
)
+ Clδaδa + Clδrδr (B.11)
Cm = Cm0 + Cmαα +
c¯
2VT
(
Cmqq + Cmα˙α˙
)
+ Cmδeδe + Cmδf δf (B.12)
Cn = Cn0 + Cnββ +
b
2VT
(
Cnpp+ Cnrr
)
+ Cnδaδa + Cnδrδr (B.13)
B.2.3 Simulation Coefficient and Parameter Values
Parameter Description Value
CL Total Lift Coefficient Equation (B.8)
CL0 Initial Lift Coefficient 0.4590697
CLα Lift Change with respect to α 4.5667216
CLq Lift Change with respect to pitch rate 8.0499999
CLα˙ Lift Change with respect to α˙ 2.4200000
CLδe Lift Change with respect to δe 0.4239887
CLδf Lift Change with respect to δf 1.1459156
Table B.1: Lift Force Aerodynamic Coefficients
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Parameter Description Value
CD Total Drag Coefficient Equation (B.9)
CD0 Initial Drag Coefficient 0.04090469
CDα Drag Change with respect to α 0.4693777
CDq Drag Change with respect to pitch rate 0.00000
CDα˙ Drag Change with respect to α˙ 0.00000
CDδe Drag Change with respect to δe 0.0177617
CDδf Drag Change with respect to δf 0.00000
Table B.2: Drag Force Aerodynamic Coefficients
Parameter Description Value
CY Total Side Force Coefficient Equation (B.10)
CY0 Initial Side Force Coefficient 0.00000
CYβ Side Force Change with respect to β -0.675761
CYp Side Force Change with respect to roll rate 0.00000
CYr Side Force Change with respect to yaw rate 0.00000
CYδa Side Force with respect to δa 0.00000
CYδr Side Force Change with respect to δr -0.6589015
Table B.3: Side Force Aerodynamic Coefficients
Parameter Description Value
Cl Total Rolling Moment Coefficient Equation (B.11)
Cl0 Initial Rolling Moment Coefficient 0.00000
Clβ Rolling Moment Change with respect to β -0.023000
Clp Rolling Moment Change with respect to roll rate -0.450000
Clr Rolling Moment Change with respect to yaw rate 0.265000
Clδa Rolling Moment with respect to δa -0.171986
Clδr Rolling Moment Change with respect to δr -0.002290
Table B.4: Rolling Moment Aerodynamic Coefficients
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Parameter Description Value
Cm Total Pitching Moment Coefficient Equation (B.12)
Cm0 Initial Pitching Moment Coefficient 0.4898267
Cmα Pitching Moment Change with respect to α -4.585108
Cmq Pitching Moment Change with respect to pitch rate -36.6000
Cmα˙ Pitching Moment Change with respect to α˙ -11.0000
Cmδe Pitching Moment Change with respect to δe -1.97269
Cmδf Pitching Moment Change with respect to δf 0.00000
Table B.5: Pitching Moment Aerodynamic Coefficients
Parameter Description Value
Cn Total Yawing Moment Coefficient Equation (B.13)
Cn0 Initial Yawing Moment Coefficient 0.00000
Cnβ Yawing Moment Change with respect to β 0.2545313
Cnp Yawing Moment Change with respect to roll rate -0.110000
Cnr Yawing Moment Change with respect to yaw rate -0.200000
Cnδa Yawing Moment with respect to δa 0.0217724
Cnδr Yawing Moment Change with respect to δr -0.1077161
Table B.6: Yawing Moment Aerodynamic Coefficients
Variable Description Value
S Wing Planform Area 300.00 ft
c¯ Average Wing Chord Length 11.320 ft
b Wing Span Length 30.000 ft
g Acceleration due to Gravity 32.1756 ft/sec2
ρ Air Density 0.001496 slugs/ft3
q¯ Dynamic Pressure 1
2
ρV 2T
m Aircraft Mass 756.526 slugs
Ixx Primary Axis Moment of Inertia 8691.462 slug − ft2
Iyy Secondary Axis Moment of Inertia 70668.58 slug − ft2
Izz Tertiary Axis Moment of Inertia 70418.67 slug − ft2
Ixz Cross Product Mass Moment of Inertia 8691.462 slug − ft2
Ixy Cross Product Mass Moment of Inertia 70668.58 slug − ft2
Iyz Cross Product Mass Moment of Inertia 70418.67 slug − ft2
Table B.7: Aircraft Aerodynamic Constants
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Parameter Description Value
VT0 True Velocity 6752.679 ft/sec
α0 Angle-of-Attack 3.59697 deg
β0 Sideslip Angle 0.0 deg
p0 Roll Angular Rate 0.0 deg/sec
q0 Pitch Angular Rate 0.0 deg/sec
r0 Yaw Angular Rate 0.0 deg/sec
φ0 Roll Angle 0.0 deg
θ0 Pitch Angle 3.56967 deg
φ0 Yaw Angle 0.0 deg
xe0 Location relative to Primary Axis 0.0 ft
ye0 Location relative to Secondary Axis 0.0 ft
ze0 Location relative to Tertiary Axis -20000 ft
Table B.8: Nonlinear Aircraft Simulation Initial Conditions
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Figure B.1: Nonlinear Aircraft Model in Simulink
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Appendix C
Accelerometer Biases Supplement
C.1 Acclerometer Bias Algorithm Derivation and Full Equa-
tions
As discussed in section 6, the equations for estimating accelerometer biases
found in that section are only valid for accelerometers #1, #2, #12 and #13
for both the pitch and roll arrays. Presented here is the derivation for the
equations found in that section as well as the equations for the remaining
accelerometers, except for accelerometer #7.
Figure C.1: Pitch Array Accelerometer Orientations
From the figure, the following orientations for an accelerometer on the left
half plane and one on the right half plane can be extracted:
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Figure C.2: Pitch Array Accelerometer Axes Rotation Sequence
In the above figure, the darker axes represent the coordinate axes for an
accelerometer on the left-half plane and the lighter axes represent coordinate
axes for an accelerometer on the right-half plane. These accelerometers do
not need to be directly across from each other as this is a general derivation.
In order to be able to add their biases together, and their measurements, the
measured values from the left half plane accelerometer, bleft, need to be
resolved to the same set of axes as the right half plane accelerometer, bright.
Equations (3.4) and (3.5) are used to determine the imposed loading of the
accelerometers. Because those equations are used to determine the attitude
estimates, they are used here to resolve the biases of the two accelerometers
to the same set of axes. Equation (3.4), for the pitch array, can be written
using Equation (6.1) as follows:
Ax,imp=
g[Az,i+βz,i−Az,cg cos θi+(sin θman sin θi)]+rd
[
(2pr) cosφi sinφi−q2 sin2 φi−r2 cos2 φi−p2
]
sin θi
(C.1)
and Equation (3.5) can be written as:
Ay,imp=
g[Ay,i+βy,i−Az,cg sinφi−(cos θman sinφman cosφi)]−rd
[
(2pr) cosφi sinφi−q2 sin2 φi−r2 cos2 φi−p2
]
cosφi
(C.2)
Using the above equations in the attitude estimate equations:
θest = sin
−1(Ax,imposed − Ax,cg) (C.3)
φest = tan
−1
(Ay,cg − Ay,imposed
Az,cg − Az,imposed
)
(C.4)
163
Results in the true accelerometer measurement errors, βz,i and βy,i, becom-
ing transformed by 1cosφi and
1
sin θi
, respectively. This results in the following
equations for the bias estimation algorithm of the pitch array
∆1 = b13
1
sin θ13
− b1 1sin θ1
∆2 = b12
1
sin θ12
− b1 1sin θ1
∆3 = b12
1
sin θ12
− b2 1sin θ2
(C.5)
or, because accelerometers #1 through #6 are on the left-half plane and their
orientation angles, θi, are negative:
∆1 = b13
1
sin θ13
+ b1
1
sin |θ1|
∆2 = b12
1
sin θ12
+ b1
1
sin |θ1|
∆3 = b12
1
sin θ12
+ b2
1
sin |θ2|
(C.6)
Repeating the above for the next set of accelerometers for the pitch array:
∆1 = b11
1
sin θ11
− b3 1sin θ3
∆2 = b10
1
sin θ10
− b3 1sin θ3
∆3 = b10
1
sin θ10
− b4 1sin θ4
(C.7)
or,
∆1 = b11
1
sin θ11
+ b3
1
sin |θ3|
∆2 = b10
1
sin θ10
+ b3
1
sin |θ3|
∆3 = b10
1
sin θ10
+ b4
1
sin |θ4|
(C.8)
And the last set of accelerometers for the pitch array:
∆1 = b9
1
sin θ9
− b5 1sin θ5
∆2 = b8
1
sin θ8
− b5 1sin θ5
∆3 = b8
1
sin θ8
− b6 1sin θ6
(C.9)
or,
∆1 = b9
1
sin θ9
+ b5
1
sin |θ5|
∆2 = b8
1
sin θ8
+ b5
1
sin |θ5|
∆3 = b8
1
sin θ8
+ b6
1
sin |θ6|
(C.10)
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Equations (C.6), (C.8) and (C.10) are used in the accelerometer bias esti-
mation algorithm found in Chapter 6 for the estimation of the pitch array
biases. The equations for the roll array are as follows:
∆1 = b1
1
cosφ1
− b13 1cosφ13
∆2 = b1
1
cosφ1
− b12 1cosφ12
∆3 = b2
1
cosφ2
− b12 1cosφ12
(C.11)
or, because accelerometers #8 through #13 are on the left-half plane and
their orientation angles, φi, result in cosφi being negative:
∆1 = b1
1
cosφ1
+ b13
1
cos(pi−φ13)
∆2 = b1
1
cosφ1
+ b12
1
cos(pi−φ12)
∆3 = b2
1
cosφ2
+ b12
1
cos(pi−φ12)
(C.12)
Repeating the above for the next set of accelerometers for the roll array:
∆1 = b3
1
cosφ3
− b11 1cosφ11
∆2 = b3
1
cosφ3
− b10 1cosφ10
∆3 = b4
1
cosφ4
− b10 1cosφ10
(C.13)
or,
∆1 = b3
1
cosφ3
+ b11
1
cos(pi−φ11)
∆2 = b3
1
cosφ3
+ b10
1
cos(pi−φ10)
∆3 = b4
1
cosφ4
+ b10
1
cos(pi−φ10)
(C.14)
And the last set of accelerometers for the roll array:
∆1 = b5
1
cosφ5
− b9 1cosφ9
∆2 = b5
1
cosφ5
− b8 1cosφ8
∆3 = b6
1
cosφ6
− b8 1cosφ8
(C.15)
or,
∆1 = b5
1
cosφ5
+ b9
1
cos(pi−φ9)
∆2 = b5
1
cosφ5
+ b8
1
cos(pi−φ8)
∆3 = b6
1
cosφ6
+ b8
1
cos(pi−φ8)
(C.16)
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Equations (C.12), (C.14) and (C.16) are used in the accelerometer bias es-
timation algorithm found in Chapter 6 for the estimation of the roll array
biases.
C.2 Acclerometer Bias Algorithm in Simulink
The following figures depict the various steps of the accelerometer bias es-
timation algorithm within Simulink.
Figure C.3: Pitch/Roll Bias Estimation in Simulink
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Figure C.4: Pitch/Roll Individual Bias Estimation in Simulink
The above 2 figures are applicable for both the longitudinal, pitch, and trans-
verse, roll, arrays.
Figure C.5: Accelerometer Bias Estimation in Simulink
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Appendix D
Supplemental Figures
This appendix section gives additional figures that were omitted from the
main sections for conciseness. These figures give a more complete repre-
sentation of what is happening for the cases presented.
D.1 Section 6.2 - Accelerometer Bias Estimation Results
This section gives supplemental figures for Section 6.2. These figures give
a more complete representation of the nature of the accelerometer bias esti-
mation algorithm(s).
D.1.1 Phase I - Longitudinal Aircraft Maneuver
Phase I - Longitudinal Maneuver: No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.1: Accelerometer Bias Estimation - Pitch Error, Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.2: Accelerometer Bias Estimation - Pitch Estimate, Phase I No Turbulence
Figure D.3: Pitch Bias Estimation - Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.4: Accelerometer Pitch Array Misaligned Measurements - Phase I No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.5: Accelerometer Bias Estimation - Roll Error, Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.6: Accelerometer Bias Estimation - Roll Estimate, Phase I No Turbulence
Figure D.7: Roll Bias Estimation - Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.8: Accelerometer Roll Array Misaligned Measurements - Phase I No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.9: Imposed Loads, Phase I No Turbulence
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Phase I - Longitudinal Maneuver: Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.10: Accelerometer Bias Estimation - Pitch Error, Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.11: Accelerometer Bias Estimation - Pitch Estimate, Phase I with Turbulence
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Figure D.12: Pitch Bias Estimation - Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.13: Accelerometer Array Misaligned Measurements - Phase I with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.14: Accelerometer Bias Estimation - Roll Error, Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.15: Accelerometer Bias Estimation - Roll Estimate, Phase I with Turbulence
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Figure D.16: Roll Bias Estimation - Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.17: Accelerometer Roll Array Misaligned Measurements - Phase I with Turbu-
lence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.18: Imposed Loads, Phase I with Turbulence
D.1.2 Phase II - Transverse Aircraft Maneuver
Phase II - Transverse Maneuver: No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.19: Accelerometer Bias Estimation - Pitch Error, Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.20: Accelerometer Bias Estimation - Pitch Estimate, Phase II No Turbulence
Figure D.21: Pitch Bias Estimation - Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.22: Accelerometer Pitch Array Misaligned Measurements - Phase II No Turbu-
lence
(a) No Bias Estimation (b) Bias Estimation
Figure D.23: Accelerometer Bias Estimation - Roll Error, Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.24: Accelerometer Bias Estimation - Roll Estimate, Phase II No Turbulence
Figure D.25: Roll Bias Estimation - Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.26: Accelerometer Roll Array Misaligned Measurements - Phase II No Turbu-
lence
(a) No Bias Estimation (b) Bias Estimation
Figure D.27: Imposed Loads, Phase II No Turbulence
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Phase II - Transverse Maneuver: Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.28: Accelerometer Bias Estimation - Pitch Error, Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.29: Accelerometer Bias Estimation - Pitch Estimate, Phase II with Turbulence
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Figure D.30: Pitch Bias Estimation - Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.31: Accelerometer Array Misaligned Measurements - Phase II with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.32: Accelerometer Bias Estimation - Roll Error, Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.33: Accelerometer Bias Estimation - Roll Estimate, Phase II with Turbulence
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Figure D.34: Roll Bias Estimation - Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.35: Accelerometer Roll Array Misaligned Measurements - Phase II with Turbu-
lence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.36: Imposed Loads, Phase II with Turbulence
D.1.3 Phase III - Longitudinal/Transverse Aircraft Maneuver
Phase III - Longitudinal/Transverse Maneuver: No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.37: Accelerometer Bias Estimation - Pitch Error, Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.38: Accelerometer Bias Estimation - Pitch Estimate, Phase III No Turbulence
Figure D.39: Pitch Bias Estimation - Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.40: Accelerometer Pitch Array Misaligned Measurements - Phase III No Turbu-
lence
(a) No Bias Estimation (b) Bias Estimation
Figure D.41: Accelerometer Bias Estimation - Roll Error, Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.42: Accelerometer Bias Estimation - Roll Estimate, Phase III No Turbulence
Figure D.43: Roll Bias Estimation - Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.44: Accelerometer Roll Array Misaligned Measurements - Phase III No Turbu-
lence
(a) No Bias Estimation (b) Bias Estimation
Figure D.45: Imposed Loads, Phase III No Turbulence
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Phase III - Longitudinal/Transverse Maneuver: Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.46: Accelerometer Bias Estimation - Pitch Error, Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.47: Accelerometer Bias Estimation - Pitch Estimate, Phase III with Turbulence
191
Figure D.48: Pitch Bias Estimation - Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.49: Accelerometer Array Misaligned Measurements - Phase III with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.50: Accelerometer Bias Estimation - Roll Error, Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.51: Accelerometer Bias Estimation - Roll Estimate, Phase III with Turbulence
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Figure D.52: Roll Bias Estimation - Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.53: Accelerometer Roll Array Misaligned Measurements - Phase III with Turbu-
lence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.54: Imposed Loads, Phase III with Turbulence
D.1.4 Phase I - Longitudinal Maneuver with Drift Effects
Phase I - Longitudinal Maneuver with Drift Effects: No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.55: Accelerometer Bias Estimation with Drift Effects - Pitch Error, Phase I No
Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.56: Accelerometer Bias Estimation with Drift Effects - Pitch Estimate, Phase I
No Turbulence
Figure D.57: Pitch Bias Estimation with Drift Effects - Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.58: Accelerometer Pitch Array Misaligned Measurements with Drift Effects -
Phase I No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.59: Accelerometer Bias Estimation with Drift Effects - Roll Error, Phase I No
Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.60: Accelerometer Bias Estimation with Drift Effects - Roll Estimate, Phase I No
Turbulence
Figure D.61: Roll Bias Estimation with Drift Effects - Phase I No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.62: Accelerometer Roll Array Misaligned Measurements with Drift Effects -
Phase I No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.63: Imposed Loads with Drift Effects, Phase I No Turbulence
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Phase I - Longitudinal Maneuver with Drift Effects: Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.64: Accelerometer Bias Estimation with Drift Effects - Pitch Error, Phase I with
Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.65: Accelerometer Bias Estimation with Drift Effects - Pitch Estimate, Phase I
with Turbulence
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Figure D.66: Pitch Bias Estimation with Drift Effects - Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.67: Accelerometer Array Misaligned Measurements with Drift Effects - Phase I
with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.68: Accelerometer Bias Estimation with Drift Effects - Roll Error, Phase I with
Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.69: Accelerometer Bias Estimation with Drift Effects - Roll Estimate, Phase I
with Turbulence
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Figure D.70: Roll Bias Estimation with Drift Effects - Phase I with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.71: Accelerometer Roll Array Misaligned Measurements with Drift Effects -
Phase I with Turbulence
203
(a) No Bias Estimation (b) Bias Estimation
Figure D.72: Imposed Loads with Drift Effects, Phase I with Turbulence
D.1.5 Phase II - Transverse Maneuver with Drift Effects
Phase II - Transverse Maneuver with Drift Effects: No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.73: Accelerometer Bias Estimation with Drift Effects - Pitch Error, Phase II No
Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.74: Accelerometer Bias Estimation with Drift Effects - Pitch Estimate, Phase II
No Turbulence
Figure D.75: Pitch Bias Estimation with Drift Effects - Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.76: Accelerometer Pitch Array Misaligned Measurements with Drift Effects -
Phase II No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.77: Accelerometer Bias Estimation with Drift Effects - Roll Error, Phase II No
Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.78: Accelerometer Bias Estimation with Drift Effects - Roll Estimate, Phase II
No Turbulence
Figure D.79: Roll Bias Estimation with Drift Effects - Phase II No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.80: Accelerometer Roll Array Misaligned Measurements with Drift Effects -
Phase II No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.81: Imposed Loads with Drift Effects, Phase II No Turbulence
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Phase II - Transverse Maneuver with Drift Effects: Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.82: Accelerometer Bias Estimation with Drift Effects - Pitch Error, Phase II with
Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.83: Accelerometer Bias Estimation with Drift Effects - Pitch Estimate, Phase II
with Turbulence
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Figure D.84: Pitch Bias Estimation with Drift Effects - Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.85: Accelerometer Array Misaligned Measurements with Drift Effects - Phase II
with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.86: Accelerometer Bias Estimation with Drift Effects - Roll Error, Phase II with
Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.87: Accelerometer Bias Estimation with Drift Effects - Roll Estimate, Phase II
with Turbulence
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Figure D.88: Roll Bias Estimation with Drift Effects - Phase II with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.89: Accelerometer Roll Array Misaligned Measurements with Drift Effects -
Phase II with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.90: Imposed Loads with Drift Effects, Phase II with Turbulence
D.1.6 Phase III - Longitudinal/Transverse Maneuver with Drift Ef-
fects
Phase III - Longitudinal/Transverse Maneuver with Drift Effects: No
Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.91: Accelerometer Bias Estimation with Drift Effects - Pitch Error, Phase III No
Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.92: Accelerometer Bias Estimation with Drift Effects - Pitch Estimate, Phase III
No Turbulence
Figure D.93: Pitch Bias Estimation with Drift Effects - Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.94: Accelerometer Pitch Array Misaligned Measurements with Drift Effects -
Phase III No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.95: Accelerometer Bias Estimation with Drift Effects - Roll Error, Phase III No
Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.96: Accelerometer Bias Estimation with Drift Effects - Roll Estimate, Phase III
No Turbulence
Figure D.97: Roll Bias Estimation with Drift Effects - Phase III No Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.98: Accelerometer Roll Array Misaligned Measurements with Drift Effects -
Phase III No Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.99: Imposed Loads with Drift Effects, Phase III No Turbulence
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Phase III - Longitudinal/Transverse Maneuver with Drift Effects: Tur-
bulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.100: Accelerometer Bias Estimation with Drift Effects - Pitch Error, Phase III
with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.101: Accelerometer Bias Estimation with Drift Effects - Pitch Estimate, Phase III
with Turbulence
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Figure D.102: Pitch Bias Estimation with Drift Effects - Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.103: Accelerometer Array Misaligned Measurements with Drift Effects - Phase
III with Turbulence
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(a) No Bias Estimation (b) Bias Estimation
Figure D.104: Accelerometer Bias Estimation with Drift Effects - Roll Error, Phase III with
Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.105: Accelerometer Bias Estimation with Drift Effects - Roll Estimate, Phase III
with Turbulence
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Figure D.106: Roll Bias Estimation with Drift Effects - Phase III with Turbulence
(a) No Bias Estimation (b) Bias Estimation
Figure D.107: Accelerometer Roll Array Misaligned Measurements with Drift Effects -
Phase III with Turbulence
221
(a) No Bias Estimation (b) Bias Estimation
Figure D.108: Imposed Loads with Drift Effects, Phase III with Turbulence
D.2 Chapter 7 - Simulation Results
This section gives supplemental figures for Chapter 7. These figures give a
more complete representation of the complete method’s simulation results.
What is not presented in this paper are the plots for the various different rate
gyro biases, rate gyro drift slopes, accelerometer biases and accelerometer
drift slopes.
D.2.1 Phase I Maneuver - No Turbulence
(a) Pitch Estimation Error (b) Pitch Estimation
Figure D.109: Pitch Estimation Results - Phase I No Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure D.110: Pitch Bias Estimation Results - Phase I No Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure D.111: Roll Estimation Results - Phase I No Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure D.112: Roll Bias Estimation Results - Phase I No Turbulence
Figure D.113: Rate Gyro Bias Estimation - Phase I No Turbulence
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(a) Pitch Array (b) Roll Array
Figure D.114: Accelerometer Roll Array Misaligned Measurements - Phase I no Turbu-
lence
Figure D.115: Imposed Loads, Phase I with Turbulence
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D.2.2 Phase I Maneuver - Turbulence
(a) Pitch Estimation Error (b) Pitch Estimation
Figure D.116: Pitch Estimation Results - Phase I with Turbulence
(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure D.117: Pitch Bias Estimation Results - Phase I with Turbulence
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(a) Roll Estimation Error (b) Roll Estimation
Figure D.118: Roll Estimation Results - Phase I No Turbulence
(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure D.119: Roll Bias Estimation Results - Phase I with Turbulence
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Figure D.120: Rate Gyro Bias Estimation - Phase I with Turbulence
(a) Pitch Array (b) Roll Array
Figure D.121: Accelerometer Roll Array Misaligned Measurements - Phase I with Turbu-
lence
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Figure D.122: Imposed Loads, Phase I with Turbulence
D.2.3 Phase II Maneuver - No Turbulence
(a) Pitch Estimation Error (b) Pitch Estimation
Figure D.123: Pitch Estimation Results - Phase II No Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure D.124: Pitch Bias Estimation Results - Phase II No Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure D.125: Roll Estimation Results - Phase II No Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure D.126: Roll Bias Estimation Results - Phase II No Turbulence
Figure D.127: Rate Gyro Bias Estimation - Phase II No Turbulence
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(a) Pitch Array (b) Roll Array
Figure D.128: Accelerometer Roll Array Misaligned Measurements - Phase II no Turbu-
lence
Figure D.129: Imposed Loads, Phase II with Turbulence
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D.2.4 Phase II Maneuver - Turbulence
(a) Pitch Estimation Error (b) Pitch Estimation
Figure D.130: Pitch Estimation Results - Phase II with Turbulence
(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure D.131: Pitch Bias Estimation Results - Phase II with Turbulence
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(a) Roll Estimation Error (b) Roll Estimation
Figure D.132: Roll Estimation Results - Phase II No Turbulence
(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure D.133: Roll Bias Estimation Results - Phase II with Turbulence
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Figure D.134: Rate Gyro Bias Estimation - Phase II with Turbulence
(a) Pitch Array (b) Roll Array
Figure D.135: Accelerometer Roll Array Misaligned Measurements - Phase II with Turbu-
lence
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Figure D.136: Imposed Loads, Phase II with Turbulence
D.2.5 Phase III Maneuver - No Turbulence
(a) Pitch Estimation Error (b) Pitch Estimation
Figure D.137: Pitch Estimation Results - Phase III No Turbulence
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(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure D.138: Pitch Bias Estimation Results - Phase III No Turbulence
(a) Roll Estimation Error (b) Roll Estimation
Figure D.139: Roll Estimation Results - Phase III No Turbulence
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(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure D.140: Roll Bias Estimation Results - Phase III No Turbulence
Figure D.141: Rate Gyro Bias Estimation - Phase III No Turbulence
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(a) Pitch Array (b) Roll Array
Figure D.142: Accelerometer Roll Array Misaligned Measurements - Phase III no Turbu-
lence
Figure D.143: Imposed Loads, Phase III with Turbulence
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D.2.6 Phase III Maneuver - Turbulence
(a) Pitch Estimation Error (b) Pitch Estimation
Figure D.144: Pitch Estimation Results - Phase III with Turbulence
(a) Pitch Bias Estimation Error (b) Pitch Bias Estimation
Figure D.145: Pitch Bias Estimation Results - Phase III with Turbulence
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(a) Roll Estimation Error (b) Roll Estimation
Figure D.146: Roll Estimation Results - Phase III No Turbulence
(a) Roll Bias Estimation Error (b) Roll Bias Estimation
Figure D.147: Roll Bias Estimation Results - Phase III with Turbulence
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Figure D.148: Rate Gyro Bias Estimation - Phase III with Turbulence
(a) Pitch Array (b) Roll Array
Figure D.149: Accelerometer Roll Array Misaligned Measurements - Phase III with Tur-
bulence
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Figure D.150: Imposed Loads, Phase III with Turbulence
243
